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Abstract

Brownian motion is a fundamentally important stochastic process, originally discovered
in the 19th century (and in fact, in some forms even earlier) in the contexts of diffusion
phenomena in statistical physics and as a speculative model for financial markets. It plays
a key role in many modern mathematical topics, ranging from partial differential equations
and potential theory to constructive quantum field theory and random geometry.

This lecture course introduces the mathematical foundations for Brownian motion, key
concepts and techniques needed for working with it, and applications aiming at martingales,
stochastic integration, and Itd’s Formula. As supplementary material, there are many great
textbooks on Brownian motion, for example [LeG16, [MP10]. The readers are assumed to
be familiar with basic notions of probability theory and stochastic processes, for instance as
in Part A of Williams’ textbook [Wil91], or Kytold’s lectures [Kyt20].
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1 Introduction

In this lecture course, we shall build some mathematical foundations for Brownian motion and its
applications. After the puzzles it caused early on, Brownian motion has been set to rigorous basis
and has been widely used to model phenomena not only in mathematics, physics, and chemistry,
but also in economics and finance, biology, medicine, and other sciences. One might argue that
the solid mathematical foundations for Brownian motion were laid by Norbert Wiener (1894—
1964) and Andrey Kolmogorov (1903-1987), among others. There are many great textbooks on
Brownian motion, for example [LeG16, IMP10], which also some of the material here is based on.
The readers are assumed to be familiar with basic notions of probability theory and stochastic
processes, for instance as in Part A of Williams’ textbook [Wil91], or Kytold’s lectures [Kyt20].

Some comments for reading these notes
> Sections whose titles are decorated with “*”-symbols are meant as supplementary material.

> Some basic notions from probability theory are recalled in Appendix [A]

1.1 Some historical remarks ()

The introduction of Brownian motion as a phenomenon in Nature is often attributed to the
botanist Robert Brown (1773-1858). In 1828, he reported on the random movement of small
pollen particles in water, undergoing an extremely erratic and never-ending motion [Bro2§|.
Thereafter, Brown and others performed further studies ruling out, e.g., the possibility of an
organic force, interactions, convection currents, or evaporation, as a potential cause of the motion
(cf. [Gou8§|). Brown seemed to have correctly suspected that heat was playing a fundamental
role for its origins. It was realized only much later, however, that the phenomenon underlying
Brownian motion was fundamental and universal, leading to ubiquitous applications in sciences.

A few decades later, during his “annus mirabilis” year 1905, Albert Einstein demonstrated
in his PhD thesis |[Ein06] how thermal motion of the ambient molecules of the fluid was re-
sponsible for the random diffusion of the particles in the fluid. (Similar conclusions were drawn
independently and simultaneously by William Sutherland [Sut05|.) Einstein’s theory provided
convincing evidence that atoms and molecules do exist — this was indeed soon also verified
experimentally by Jean Baptiste Perrin[], who also wrote a famous book on the subject [Perl3].

Later on, Brownian motion became a crucial piece of modern sciences, used for instance
in important developments of statistical mechanics, quantum field theory (e.g. path integrals
developed by Norbert Wiener in the 1920s [Wie23| and Richard Feynman in the 1940s [Fey48]),
the theory of stochastic processes (pioneered by works of Mark Kac, e.g. [Kac4T]), and economics
and finance, as initiated by Louis Bachelier in 1900 for modelling option prices at the Paris
stock market in his PhD thesis [Bac00] (supervised by Henri Poincaré). Let us also mention the
option price model of Fischer Black & Myron Scholes [BS73|, of whom the latter together with
Robert C. Merton received the 1997 Nobel prize in economics. In mathematics, in addition to
probability theory, Brownian motion is an important tool in analysis (especially potential theory
and partial differential equations). Some quite recent developments include the general area of
probability theory now termed as “random geometry” (which already has yielded 3 Fields medals
in mathematics: Wendelin Werner 2006, Stanislav Smirnov 2010, Hugo Duminil-Copin 2022).

r interesting histori remar nd referen ncerning Brownian motion u
For interest historical remarks and references conce Brownia; otion, check out
Bertrand Duplantier’s “Poincaré Seminar” Lectures [Dup05|, and references therein.

!Perrin was awarded the 1926 Nobel Prize in Physics “for his work on the discontinuous structure of matter,”
while Einstein got his 1921 Nobel Prize in Physics — not really for explaining Brownian motion but — “for his
services to theoretical physics, and especially for his discovery of the law of the photoelectric effect.”



1.2 What is Brownian motion?

Already in the course of the 19th century, chemists and physicists made various conclusions on
the properties of the perplexing Brownian motion. Not only the origin of the phenomenon was
puzzling, but also the very nature of it. Some general features of Brownian motion are:

> The motion is extremely irreqular, and the trajectory seems not to have a tangent.

Indeed, Brownian motion is a random path (continuous stochastic process), which is Holder
continuous for small enough Hoélder exponent, but still nowhere differentiable, cf. Section

Mathematically, Brownian motion is a continuous-time real-valued stochastic process usu-
ally denoted B = (By)s»0, defined on some probability space (2, #,P). In particular,

* w = Bi(w) is a random wvariable (Borel-measurable map from (2,.%#) to (R, #(R)))
for each fixed time ¢ € [0, 00);

* ¢ By(w) is a continuous function from [0, 00) to R for almost every fixed w €  (that
is, P-almost surely (a.s.): the event that B is continuous has probability one).

More precisely, one would want to say that Brownian motion is a random variable
B:Q— C([0,00),R):={f:[0,00) > R| f is continuous},
where C'([0,0),R) is endowed with the sigma-algebra generated by the cylinder events
{f(t)) e Ar,..., f(ta) € Ay}, 0<ty<-<t, and Aj,...,A, e B(R).

We will see that one can choose the probability space (£2,.%,P) judiciously in such a
way that we have continuity for all w € Q. (This is often called the Wiener space, cf.
Section [1.8.2]) Meanwhile, the reader may ponder of why this is not obvious.

> The motion of a Brownian particle does not remember its past.

Indeed, Brownian motion is a Markov process, as discussed in detail in Section [6}

> The motion never stops.

This is the key property that led physicists to understand the origins of the motion as being
caused by thermal fluctuations of molecules, thus also demonstrating that molecules exist!

1.3 From random walk to Brownian motion

When trying to rigorously formalize Brownian motion, a very natural idea is discretization:
instead of trying to define a continuous-time stochastic process on the uncountable space R, one
can define approximations of it by discrete-time processes on finite or countable state spaces.

Consider real-valued random variables £1,&s,... defined on a common probability space
(2, %#,P). Suppose that they are independent and identically distributed (i.i.d.). Define

So=0 and Sn:=25j forn=1,2,....
j=1
Then, S = (Sp)nen, is called a random walk (indexed by Ng := {0,1,2,...}). It obviously satisfies

Sp =Sn1+&n forn=1,2,...,

or in other words, &, =S, — Sp—1. These increments of S are i.i.d. by construction.



To construct Brownian motion from a random walk, the first idea would be to re-scale the
integer times for S. However, in order to find a limiting object, we have to scale the space as
well. As a starting point for seeking a suitable scaling, we take the Central Limit Theoremﬂ

Theorem 1.1. (Central Limit Theorem) Let &1,&2,... and S be as above. Suppose that
E[&]=m< oo and Var(&) =52 >0 E| Then, we have

Sn—nm law
—FF — N ~N(0,1 asn — oo,
= (0,1) -

where the convergence takes place in distribution (or law), i.e., as weak convergence of
probability measures, and N is a Gaussian random variable with mean E[N] = 0 and
variance Var(N) =1 (also called a standard normal random variable). Recall that N has
a continuous distribution with density

1 22
2T

e 2.
“Hence, E[£;] =m and Var(¢;) = s* for all j, because £; are i.i.d.

Let us now assume that &;,&s,... are chosen so that they are i.i.d. with
E[&]=0 and Var(&) =1, (1.1)

e.g., as coin tosses (Bernoulli type random variables, see Exercise |A.4]). Building from these,

consider a re-scaled random walk S’t(m) with times in ¢t = £ ¢ {0,L, 2 3 of time-step size 1/m,
m m’m

S,%::cmsk, k=0,1,2,...,

with some constants ¢,, € R to be determined. Since

Var(S\) = ek, Var(Sg) = ik, k=0,1,2,...,

we see that the variance can only converge as m — oo if we take ¢, to be of order 1/\/m.
Defining

(m) _ Sk _
Sk/m.—\/ﬁ, k=0,1,2,...,

and extending it by linear interpolation to a random function S (m) [0,00) - R, we find that

k
E[S{™]=0  forallt>0 d  Var(s")=Z
[S)-0 foraliezo,  and Va(s) - &
for all m e N:={1,2,...}. In particular, if we fix n,m € N and times 0 < tg < t; < tg < - < t,, such
that each of them is a multiple of 1/m, then we see that the increment

(m) (m) 1 Ml
Win (tj01-t;) = Stypy =58, = = Z Sk
m(] 1 .7) J+1 7 mkzmtj+1
is a sum of m (t;11 —t;) i.i.d. random variables nlim) = % satisfying

E [n,(cm)] =0 and Var(n,gm)) = % for all k.

2The Central Limit Theorem is proven e.g. in the Probability Theory course [Kyt20, Chapter XII.3|.



Thus, the Central Limit Theorem yields

Wm (tjs1-t;) law

(tj+1 - t5)
law

or in other words, Wy, (¢,,,¢,) — W ~ N(0,tj+1 —t;), which has the Gaussian density

N ~N(0,1) as m — oo,

1 T
\/27T(tj+1 - tj) eXP( - 2(tj+1 - tj) )

We conclude that if S has a scaling limit process, it has Gaussian increments.

Donsker’s theorenﬂ says that the scaling limit exists and is a Brownian motion (regardless
of the exact distribution of &1, &, ... as long as they are i.i.d. and normalized as in (1.1])).

Mo M )
.f iy A ""Mn,
Ny W WMo [

W VI
VA "w,nwb”'v‘ﬁ\“,."“‘m.‘

Illustration of the convergence of a random walk to Brownian motion.

1.4 Definition of Brownian motion

Motivated by discretization, it is natural that Brownian motion has Gaussian increments. We
also expect it to satisfy the Markov Property, so we shall require in addition that the increments
are independent. The following is suitable to determine the law of Brownian motion uniquely.

Definition 1.2. (One-dimensional Brownian motion) Fix a € R. A continuous-time real-
valued stochastic process B = (B;)s0 defined on a probability space (£2,.%#,P) is called a
Brownian motion (starting at a) if and only if it satisfies the following properties:

BMO. (starting point): P-almost surely, By = a:
P[{w €Q| By(w) = a}] =1

BMI1. (independent increments): for any partition 0 < ¢y < t; < tg < --- < t,,, the increments
t... — B |7=0,1,...,n—1} are independent random variables,
By, —Bt; |j=0,1 1 ind dent rand iabl

BM2. (stationary, Gaussian increments): for each 0 < s < ¢, the increment B; — By has
Gaussian distribution that only depends on the time difference:

B, - Bs; ~N(0,t-s), 0<s<t.

BM3. (a.s. continuous sample paths): P-almost every sample path ¢ — By is continuous:

P[{weQ |t~ By(w) is continuous}] = 1.

3Donsker’s theorem is proven for example in the Large random systems course, see [KKI9L Chapter VIiI].



> The property that the distribution of By — Bs only depends on ¢ — s is called stationarity.
> When the starting point is a = 0, we call B a standard Brownian motion.

> Brownian motion in the Euclidean space R" is defined as the process (Bt(l), ..., B (")), where
the components are independent one-dimensional Brownian motions.

Remark 1.3. For the continuity property to make sense, one has to address the measura-
bility of the event {w € Q |t — By(w) is continuous}. Note that we can only decide whether this
event occurs if we know the values of B;(w) at all (thus, uncountably many) times ¢ € [0, 00).

For technical reasons, it is occasionally useful to relax the almost sure continuity prop-
erty to the propertyﬂ that there exists an event F € . such that P[E] =1 and

Ec{weQ |t~ Bi(w) is continuous}.

Note that the measurability of events depends on the choice of the probability space. We shall
not delve into details concerning measurability issues at this point — but it is good to remember
that for probability theory on uncountable spaces these issues have to be considered carefully.

Definition 1.4. (Pre-Brownian motion) A continuous-time real-valued stochastic process
satisfying the properties BMOHBMZ| is called a pre-Brownian motion.

One can show that a pre-Brownian motion has a modification that satisfies also property [BM3]
(see Theorem [1.23)). However, not every modification of pre-Brownian motion has this property
(see Exercise [1.12), so the requirement is essential for regarding (almost all) Brownian
paths as random elements in the space C([0, 00),R) of continuous functions.

Remark 1.5. A continuous-time real-valued stochastic process having stationary independent
increments is called a Lévy process. In discrete time, random walks have this property, and one
would thus expect that scaling limits of random walks are Lévy processes. We get a Brownian
motion as the scaling limit when the steps §; of the random walk S, have finite variance. Sample
paths of a general Lévy process are not continuous, but it always admits a modification which is
cadlag:right-continuous with left limits. In fact, Brownian motion (possibly with drift) is the only
Lévy process which admits a continuous modification, and Lévy showed that any a.s. continuous
process with independent increments has Gaussian increments, see [Kal21, Theorem 13.4].

1.5 Brownian motion as a Gaussian process

Using the defining properties [BM1 of a (pre-)Brownian motion, we can find explicitly all
its finite-dimensional marginal distributions (FDDs), which are Gaussian by Lemma . For
basics concerning Gaussian random variables and Gaussian processes, see [LeG16, Chapter 1].

Definition 1.6. Continuous-time real-valued stochastic process X is called a Gaussian
process if any finite linear combination of the random variables X, t > 0, is Gaussian.

“In this case, abusing terminology we still say that t — B, is continuous almost surely, even if that event
would not be .#-measurable. See Section for more discussion on this.



Exercise 1.7. Show that the following statements are equivalent.
(i) B =(Bt)ts0 is a pre-Brownian motion on a probability space (9, .7,P).
(ii) B =(Bt)es0 is a centered? Gaussian process with covariance

Cov(Bs,Bt) :=E[BsBt] -E[Bs]E[B¢] = min{s, t}.

Hint: Components of a Gaussian vector (X1,...,Xn) are independent if and only if Cov(X;,X;) =0 for all i # j.

“The process X is called centered if E[X] =0 for all ¢ > 0.

Definition 1.8. (FDDs) Consider a continuous-time stochastic process X on (2, #,P)

with values in a measurable space (S,.7). The finite-dimensional marginal distributions
(FDDs) of X are the probabilities

0<ty <o <tp,

P(th,XtQ,...,th)[Al X eee X An] =P[Xt1 € Al,. ..,th € ATL]7 {Al A ¢ %

Recall that a density f: R™ — [0,+00) for (By,, Bt,, ..., B, ) satisfies in particular for each
cylinder set A; x --- x A,, of Z(R"), where by definition each A; ¢ (R), the property

P(Btl,BtQ,m,Btn)[Alx.--xAn]:P[BtleAl,...,BtneAn]:fA fA F(@1,. .. n) dzp--dey.
1 n

Since the cylinder sets Aq x---x A,, generate the Borel sigma-algebra #(R"™) of the product space
R™ =R x --- x R (they form a pi-system; cf. Appendix , the above property implies the more
general property for all Borel sets A € Z(R"):

PBe, By, By [Al =P[(Biy, By, .., By,) € Al = fA F(@t,. . n) dan oy

The events {B;, € Ay,...,By;, € A,} indexed by n € N, 0 < t; < .- < t,, and Ay,..., A, €
PA(R) are called cylinder events and they form a pi-system too. Using Dynkin’s Identification
Theorem we can use them to generate a probability space (€2, #,P) for pre-Brownian
motion. The FDDs of pre-Brownian motion are given by the Gaussian density as follows.

Lemma 1.9. Let B be a pre-Brownian motion. Then, for every 0 <ty <ty < - <t,, the
random vector (By,, By,, ..., By,) has a continuous distribution with density

! Xp( — i —(zj _ mj_l)Q ), (1.2)

(2m)™2\/t1(ta — t1)-(tn — tn-1) ) o2(t - tj-1)

with the convention that xg = 0.

Exercise 1.10. Prove Lemma [[.O]

Corollary 1.11. Brownian motion is a Gaussian process.

Proof. This follows from Lemma since Brownian motion is a pre-Brownian motion. O



One can show that these FDDs determine the law of a pre-Brownian motion uniquely
(see, e.g., [LeG16, Proposition 2.3]) up to a choice of starting point By (via property [BMO).

However, the continuity property BM3|of a Brownian motion cannot be expressed in terms of
the FDDs — as it concerns uncountably many time instants simultaneously. Indeed, we have to
require the continuity property [BM3|separately. The next exercise illustrates a potential caveat.

Exercise 1.12. Let B be a Brownian motion and assume that the map (w,t) = Bi(w) is jointly measurabld?]
Q x[0,00) - R. Let £ be a random variable, independent of B, uniformly distributed on [0, 1]. Define

B = (Bt)1z0, By =

. By,  ift#¢,
0, ift=¢.

Show that the FDDs of B and B are the same, but the sample paths ¢ — B, are discontinuous almost surely.

a
For example, this follows from Lévy’s construction of Brownian motion m Theorem 1.3].

Using, e.g., properties of Gaussians, it is not hard to check that (pre-)Brownian motion has
the following useful symmetries. We will utilize them frequently.

Lemma 1.13. (Symmetries of Brownian motion) Let B = (B )0 be a standard Brownian
motion. The following processes are Brownian motions as well.

1. BMW = (Efl))tzo defined by B't(l) = —Dy.

2 B®@ - (35”%20 defined by 35(2) = L By, where X >0 is fized.

VA
3. B® = (§§3))t20 defined by Et(?’) = Byys — Bs, where s >0 is fized.

4. B® = (554)%20 defined by 584) =0 at time zero, and Et(zl) =t By at times t > 0.

Exercise 1.14. Prove Lemma [[.13]

Exercise 1.15. A Brownian bridge started at a € R ending at b € R is a continuous-time stochastic process
X = (Xt)te[0,1] defined in terms of a Brownian motion B started at a as follows:

X¢ =Bt -t(B1-b) forall0O<t<1, where Bg = a.

Morally, X can be thought of as Brownian motion on the time interval [0, 1] started at a and conditioned to end
at b. However, such a conditioning does not make literal sense, since the event that B = b has zero probability.

Solve the FFDs of Brownian bridge: that is, show that for each n € N, for every bounded continuous function
g: R™ >R, and for all 0 < t; <ty <+ <ty <1, we have

y P (z,71)

E[g(th,...,th)]: fRng(:pl,...,mn (2. )

n
( [1pe;-t; (xjyxj—l))l’l—t" (zn,y) doy-dzy,
j=2

where p is the Gaussian density

pe(z,y) =pe(z-y) =

Hint: You can use Lemma .9

10



1.6 When are random variables essentially identical?

It is often useful in probability theory to be able to modify processes, for instance in order to
rule out pathological behavior. Doing this pointwise in time yields to the following notions.

Definition 1.16. (Version) Let § and € be two random variables on a common probability
space (Q,.Z,P). We say that £ is a version of £ if P[€=€]=1.

It is customary in probability theory to consider random variables that agree P-almost
everywhere (as in Definition [1.16)) as identical. (Exercise: Check that the identification up to
passing to a different version is an equivalence relation on the set of all r.v.s on (2,.7,P).)

Definition 1.17. (Modification) Let X and X be two continuous-time stochastic pro-
cesses on a common probability space (2,.#,P). We say that X is a modification of X if

P[X;=X,]=1  forallt>0. (1.3)

Exercise 1.18. Show that, if X is a modification of X, then X and X have the same FDDs.

Exercise 1.19. Find an example where P-almost every sample path ¢ — X is continuous, but P-almost every
sample path ¢ — X is discontinuous. How could you rule out this phenomenon?

In Definition for each fixed time t > 0, we allow the existence of an exceptional event
E(t) ={weQ| X;(w) + Xy (w)},

that may crucially depend on t, such that P[E(t)] = 0. To say that the processes X and X are
“the same,” we would need the stronger property that they agree almost surely at all times:

P[X; =X, for all t>0] = 1. (1.4)
Note that the event above is an uncountable intersection of events appearing in Definition

{Xt = Xt for all ¢ > O} = ﬂ{Xt = Xt}
t>0

It might not even be measurable — in that case, we consider an ambient event as in Remark[T.3]

Definition 1.20. (Indistinguishability) Two continuous-time stochastic processes X and
X on a common probability space (2, F,P) are indistinguishable if . ) holds.

It is customary in probability theory to consider stochastic processes as identical up to
indistinguishability. We adopt this convention without always explicitly stating so.

If X and X are indistinguishable, then they clearly are modifications of each other. Exer-

cise below shows that the converse holds in particular for continuous processes. This is very
useful for us, since we shall mainly be concerned with processes having a.s. continuous sample
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paths. It is important, however, to keep in mind that the notions in Definitions [I.17] and [1.20]
are different in general — such subtleties arise in probability theory on uncountable spaces.

Exercise 1.21. Let X and X be continuous-time stochastic processes on a common probability space (Q,#,P).
Prove that if the sample paths ¢t » X; and ¢ — X are almost surely (right-)continuous, then

X is a modification of X — X and X are indistinguishable.

1.7 Path properties of Brownian motion

Analytically, Brownian motion is a very interesting random path. It is continuous by definition,
and we will show soon that it is Holder continuous as well. Locally, Brownian paths roughly
behave like v/f (see Exercise [1.22)). However, this is not quite true globally — in particular,
Brownian paths in fact barely fail to be %—Hélder continuous (see Theorem . The Law of
the Tterated Logarithm (Theorem gives the behavior of Brownian paths on this scale (see
also Corollary . Brownian motion is nowhere differentiable (Theorem . Furthermore,
its zero set is a Cantor type set: a closed uncountable set with no isolated points (see [MP10,
Theorem 2.28]), which might be surprising. See the book [MP10] for more properties.

1.7.1 Holder continuity and Kolmogorov’s Continuity Criterion

Sample paths of Brownian motion behave locally like v/# in the following sense.

Exercise 1.22. Let B be a standard Brownian motion. Fix ¢ > 0. For n e N, deﬁndﬂ

Al = B(m2™"t)-B((m-1)27"t) for allm=1,2,...,2",

QM(t) = § (A2,

m=1

1. What is the distribution of AU? What are E[A{™] and Var(A{))?

2. Calculate E[Q(™)(¢)] and Var(Q(™) (¢)).
Hint: You may use the fact that for a Gaussian € ~ N(0,52) and even p € N, we have E[XP] = sP(p - 1)!l.

3. Use Chebyshev’s inequality (A.6) and Borel-Cantelli lemma to prove the almost sure convergence

a.s

QM) & ¢ as n — oo.

“We write here B(t) = B¢ to ease notation.

However, Brownian paths are not %—Hélder continuous, just a-Hdélder for any smaller «.

Theorem 1.23. (Continuous modification of pre-Brownian motion) Let B be a pre-
Brownian motion. Then, there exists a modification B of B which is a.s. continuous
(i.e. satisfies BM3)). This B is a-Hélder continuous a.s, for any exponent o € (0,1/2):

B,-B
P sup —| ¢ s

s <oo forall T>0| = 1. (1.5)
0<s<t<T - S

12



Proof sketch. The scaling property of pre-Brownian motion (see property [2| of Lemma [1.13])
shows that if 7' > 0 is a fixed constant and B is a pre-Brownian motion, then the processes

(Bt)t=0 @ (VT Byr)

are equal in distribution (i.e., in law). Thus, without loss of generality (cf. Exercise [1.24]), we
may assume that 7' =1, that is, we scale t — t/T =:t' and s — s/T =: s’. Note that then, we have

t>0

|Bi- Bs| @ VT|Byr-Byr| @ ri-a|Byr =Byl 1o |Br- By
[t —s|* |t —s|* |t/T —s/T|* [t~ 5|

so the event that the ratio on the left-hand side is finite for all 0 < s <t < T is equivalent to
the right-hand side being finite for all 0 < s’ < ¢’ < 1. Next, since By — Bs ~ N(0,t - s) by
property [BM2| we find (by an explicit computation using the Gaussian density) that

E[|Bt—Bs|p]£cp|t—s|p/2 for any p € {2,4,6,...},

where ¢, = (p—1)(p-3)---3-1. The assertion now follows from Kolmogorov’s Continuity Criterion
(stated below) together with Exercise See also [LeG16, Theorem 2.9 & Corollary 2.11]. O

Exercise 1.24. Use Exercise [[.21] to check that patching copies of the above constructed modification (Et)te[o,l]
for the unit interval [0,1] to all time intervals [0,1] U [1,2]u[2,3] U yields the desired modification (B¢)¢»0 of
Brownian motion (which is well defined up to indistinguishability) that satisfies (1.5) in Theorem m

Theorem 1.25. (Kolmogorov’s Continuity Criterion) Let X = (X¢)[0,1] be a continuous-
time real-valued stochastic process. Suppose that there exist constants p,c > 0 and 5 > 1
such that for all 0 < s <t <1 we have the p:th moment bound

E[|X:- XsP]<c|t-s/. (1.6)

Then, there exists a modification X = (X;t)te[o,l] of X which is almost surely a-Hélder
continuous for any exponent a € (0, %)

Proof sketch. The idea is to construct a Holder continuous modification of X by defining it on
dyadic times and extending via a density argument. To begin, denote by

D= || Dy, Dy, ={k27"|ke{0,1,...,2"}},
neN

the dyadic times on [0, 1]; for instance,
D1:{07%71}7 D2:{07%7%7%71}7

and D,,,1 c D, for all n. Note that D is a dense subset of [0,1], that is, D = [0,1]. Therefore,
for any time ¢ € [0,1], we can find a sequence t; — ¢, with j — oo, such that ¢; € D for all j.
Define, for every w e Q and ¢ € [0, 1],

Xi(w) = thglt Xi;(w), if the limit exists, (1.7)
J

tjeDV jeN
and X, (w) := 0 otherwise. The key to the proof now is that the assumption (L.6)) implies that

P [t~ X, is a-Holder continuous on D] = 1. (1.8)
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Step 1. We will sketch why ((1.8) holds below — but before that, let us see how to conclude
the proof knowing (|1.8)).

Step 2. Recalling that any function that is a-Holder continuous on the dense set D has a
unique o-Holder continuous extension to [0,1] = D, we see that ¢t = X;(w) has a unique a-
Holder continuous extension to [0, 1] for almost all w € Q (that is, almost surely). In particular,
the limit in exists almost surely for all ¢ € [0,1] (and, importantly, the exceptional set of
w € 2 for which the limit does not exist is independent of ¢, as we will see below).

Step 3. Before verifying (|1.8]), let us also note that the process X = (Xt)te[o,l] thus defined is
a modification of X, because for each time ¢ € [0,1], the assumption (|1.6)) shows that

E[| X, - X [] = E[ Jim | X - Xy, |p] < lig;i?f E[|X;: - X, ] [by Fatou’s lemma [A17)

tjeDV jeN tjeDV jeN
<c Jim [t—t;1° =0, [by (L6)]
tjeDV jeN

which implies that (|1.3)) holds for each t > 0:
P[|X:-X;P=0]=1 = P[X;=X;]=1
Back to Step 1. Let us now show how the assumption (1.6) implies that X is a-Holder

continuous on D with probability one. The idea is a Borel-Cantelli argument, frequently used
in probability theory. Consider the incrementsﬂ of X on dyadic times,

Wi = X (k27" - X((k-1)27").
Using the assumption (1.6), we obtain
P [| W’En) > 2—na] - P [| W]gn) P> 2—npa]
2" E || W]gn) 7] [by Markov’s Inequality (A.5))]
<2 k2 = (k-1)27" = 2" by (T6)]

where pa — < 1. Using Union Bound (A.4)), we thus obtain

IA

A

2'"4
]P’[ max |Wk(n) | > 2*”0‘] <c Z gn(pa-p) < 02n(1+pa—5)7
ke{1,2,...27) &

and summing over n € N, because 1 + pa — 3 <0, the following geometric series converges:

i]}”[ max }|Wl§n)|>2_"a] <c iZ"(HpO‘_B) < oo.
n=1

o Lkefr2,..2n

Therefore, the (first) Borel-Cantelli lemma implies that almost surely, we have

max |W,§n)| < 27
ke{1,2,...,27}

except for possibly finitely many n. In particular, we have

W™ X(k2™) - X((k-1)2™
sup ~ max | _km | = sup max [ X( ) _n(a( )2 < M(w),
neN ke{1727"'a2 } 2 neN ke{1727"'72 } 2

SFor clarity, we write here X; = X (t).
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where M (w) is a random but almost surely finite constant. It is now straightforward to show
that on the event { M (w) < oo}, the map ¢t » X;(w) is a-Holder continuous for all dyadic times
t € D (see [LeG16, Lemma 2.10]). This concludes Step 1, and together with Steps 2-3, the proof
of Kolmogorov’s Continuity Criterion. See [LeG16, Theorem 2.9| for more details. O

Remark 1.26. Since a continuous modification of pre-Brownian motion is unique up to indis-
tinguishability, we will from now on speak of such a continuous modification as “the” Brownian
motion and denote it as B. (So we will not consider pre-Brownian motions as separate objects.)

The proof of Theorem shows that we can take in (|1.5])

N3

- 1 1 1 p—>00 1

a < =—-=- — -

p 2 p
However, the exponent o < 1/2 is the best we can hope for, see Theorems and

1.7.2 Non-Hoélder continuity and Law of the Iterated Logarithm ()

Furthermore, Brownian motion B is in fact nowhere differentiable (it has no tangent anywhere).

Theorem 1.27. For any exponent a € (1/2,00), we have

By, — B
P | forallt>0 limsupwzwao = 1.
h—0+ he
Proof. See [MP10), Theorem 1.30 & Remark 1.31]. O

Corollary 1.28. (Paley-Wiener-Zygmund theorem) Almost surely, t — By is nowhere
differentiable, and we have a.s.

By - B By - B
forall t >0 limsupwzﬂm and liminfw:—oo

h—0+ \/E h—0+ \/E

Proof. See [MP10), Theorem 1.30]. O

Theorem 1.29. (Khintchine’s law of the iterated logarithm) We have a.s.

| Bil | Bil

limsup———"—— =+1  and  liminf ———" = 1.

h—0+ —2hloglogh h—0+ /=2 hloglogh

Proof. See [MP10, Theorem 5.1 & Corollary 5.3]. O
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1.8 Wiener measure (*)

We have defined Brownian motion (Definition with the requirement that its sample

paths t — B; are continuous almost surely. However, we did not yet address the basic question:
On which probability space (2, % ,P) is Brownian motion defined?

One way to answer this question is to construct Brownian motion explicitly, e.g, as a weak limit
of simple random walk (cf. Section [L.3)), or as in Lévy’s construction (cf. [MPI0, Theorem 1.3]),
which directly yield Q = C'([0,),R). However, the construction of pre-Brownian motion as a
Gaussian process, say, gives a probability space where, a priori, the continuity of the sample
paths is not guaranteed. In the next Section we shall briefly address this problem.

In Section [I.8:2] we discuss the Wiener space of continuous functions, which gives a natural
ambient probability space for Brownian motion. Note that different constructions of Brownian
motion yield a priori different probability spaces (Q2,.%#,P) for it. It turns out that for the
Wiener space, the probability measure is independent of the construction of Brownian motion.

1.8.1 Measurability issues for Brownian motion (x)

Let us consider more specifically the problem of the choice of an appropriate probability space
(2, #,P) for Brownian motion. In order for property in Definition (1.2 to make sense, the
minimal requirement (cf. Remark is that the set

{weQ |t By(w) is continuous}

contains an event E € % such that P[E] = 1. This gives some additional freedom for us.

As a natural candidate for the probability space (2,.%,P), we could take
Q = RI%®) .= {functions f: [0,00) - R},
endowed with its cylinder sigma-algebra . (R[O"”)) generated by the cylinder events
{f(t)) e Ar,.... f(ta) € Ay}, O0<ty<--<t, and Aj,...,A, ¢ B(R).
However, one can show that the subset
C([0,00),R) := {f: [0,00) > R | f is continuous} c RO

comprising continuous functions is not % (R[O’“))—measurable. To remedy this, let us consider
a countable dense set D c [0,00), e.g., D =Qn[0,00). Define

C%([0,00),R) := {f e RI®®) | £ - f(¢) is uniformly continuous on bounded subsets of D}
e F (R0,

With this in mind, let us revisit Theorem [1.23| with a pre-Brownian motion B on the proba-
bility space (R0 .# (R[O"X’)), IP) arising, for example, from constructing pre-Brownian motion
as a Gaussian process. Then, Kolmogorov’s Continuity Criterion (Theorem gives rise to a
modification B of the pre-Brownian motion which satisfies

P[B e C}([0,00),R)] = 1,
since Holder continuous functions are uniformly continuous. Taking this event as E, we have
{BeCph([0,00),R)} c {BeC([0,00),R)},

which in the context of Remark shows that on the probability space (R[%=) .2 (R[0:)) P),
the sample paths of B are continuous almost surely.
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1.8.2 Wiener measure and canonical Brownian motion (*)

In fact, the first rigorous construction of Brownian motion is quite abstract, due to Norbert
Wiener [Wie23|. His approach was later generalized to construct more general Gaussian measures
on separable Hilbert spaces (called abstract Wiener spaces) [Jan08].

Q2 =C([0,00),R) endowed with the sigma-algebra .# = # generated by the cylinder events

{Bi, € A1,...,B;, € Ay}, neN 0<t; <<ty and A4;,..., A, € Z(R)

is determined by the FDDs of B. Since every construction for a Brownian motion B gives the
same FDDs, the following definition does not depend on the choice of the construction.

Definition 1.30. (Wiener measure) Let B be a (modification of) Brownian motion on
some probability space (£2,.#,P). Define a probability measure W on the measurable
space (C([0,00),R),#") as the law of B, that is,

WIA]=P[(tr Buw)) € ],  Ae¥,
where (t — By(w)) stands for the random P-a.s. continuous function [0, 0) — R.

> The resulting probability space (C([0,00),R), # ,W) is called the Wiener space.

> The modification W of Brownian motion on the Wiener space induced by B is called
the Wiener process (or the “canonical” Brownian motion).

By construction — regardless of how the probability space (€2,.%,P) for a modification of
Brownian motion is defined — the Wiener measure W is supported on the measurable space
(C([0,00),R),#) of continuous functions, so all (not just almost all) sample paths of the
Wiener process W are continuous. This is useful, for example, because it guarantees that
W is progressively measurable (see Corollary in the sense of Definition , thanks to
Proposition [5.19, with respect to any of its natural filtrations discussed in Section [6.1]
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2 Conditional expected value

Throughout, we fix a probability space (2,.%,P). In this section, we will consider real-valued
random variables (r.v.) £: Q > R. Ther.v. £ is calledﬂ

> integrable, and denoted & € LY(P), if E[|£]] < oo;
> square-integrable, and denoted ¢ € L?(P), if E[£2] < co.

> Recall that the Cauchy-Schwarz Inequality (Lemma [2.17) implies that L?(P) c L*(PP), but
there are elements in the latter space that do not belong to the former.

The space L2(PP) has a very good structure: it is a Hilbert space. For this reason, one can do
analysis on the space L?(IP) much analogously to that on Euclidean spaces. Going beyond this
space, the integrability condition for L!(IP) is often times the minimal technical requirement for
many arguments to carry through. One can extend, for example, the existence of conditional
expected values for random variables from L?(P) to L'(P) via an approximation argument.
(See [Kyt20, Appendix E] for details.) We shall discuss the space L?*(PP) further in Section

2.1 Definition and uniqueness of conditional expected value

The idea of conditional expected value is to estimate the value of a random variable & with partial
information available from a sub-sigma-algebra ¢ c .%. When secking an optimal such estimate,
one wants to minimize the committed error, which can be done (under certain assumptions) by
projecting £ to a random variable that is ¢¥-measurable and represents £ as well as possible
given the information from ¢ (as phrased in property below). This generalizes the familiar
concept of conditional probability — see Exercise [2.4] for an illustration of the idea.

Before stating the formal definition, let us ponder what properties the expected value of
¢ conditionally on ¢ c .# should satisfy. Let us denote it by E[£{|¥]. Since ¢ should give
additional and useful information, the wish-list contains at least the following properties:

> E[£|¥] should be .#-measurable (that is, a random variable);

> E[£]|¥] should be ¥-measurable (it should “know” ¥);

> E[£]|¥] should be somehow uniquely determined (as stated below);
> E[¢|9]

¢|¥¢] should be related to £ in the “best possible way” given ¥.
To investigate the last point, note that in L?(P), we have
n=0 P-as. — =0 P-as. — E[7%] = 0.
Hence, to estimate the error made in the comparison 1 :=§ - E [£|¥] is equivalent to studying
E[(¢-E[€19))°] = | ¢-Elel9]]]..

which makes sense whenever 7 := £ — E[¢|¥] € L?(P). We will see later in Section 2.4] that the
error is minimized if we define E [£|¥] as a suitable orthogonal projection (see Figure [2.1)).

6Strictly speaking, elements in the spaces L' (P) and L?(P) should be defined as equivalence classes of measur-
able functions 2 — R which agree P-almost everywhere in Q (i.e., which agree almost surely, cf. Definition [1.16]).
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Figure @ Illustration of the orthogonal projection of & € L*(IP) onto m% n L?(P). See also Proposition

Definition 2.1. (Conditional expected value) Let & € LY(P) and let 4 c .# be a sub-
sigma-algebra. A random variable £ : Q — R is (a version of) the conditional expected
value of the random variable £ given ¢ if

CE1. (it is integrable): £ e L'(P),
CE2. (it is 9-measurable): {£ e A} = {w e Q| &(w) € A} € ¥ for all (Borel) A € B(R),
CE3. (it represents “best” information): E[£ 1] =E[€ 1] for all G e ¥.

We denote the conditional expected value by & =: E[£]¥].

It is not hard to see that a conditional expected value is (essentially) unique (Lemma [2.2]).
However, from its abstract Definition [2.1] it is not obvious at all that it actually exists.

Lemma 2.2. Let &£ € LY(P) and let 9 ¢ .F be a sub-sigma-algebra. Suppose both é and &'
are conditional expected values of & given 4. Then, we have & = £ almost surely.

The lemma says that the conditional expected value is unique up to passing to a different
version, as in Definition m (in other words, we regard it as only defined P-almost everywhere).

Proof. Consider the sets G, := {w e Q| E(w) -€'(w) > %} €¥. For each fixed n € N, we have

1P[G,]<E [(E-€)1g,] [by Markov’s Inequality ([A.5))]
=E[é1g,]-E[¢ 1g,] [by linearity]|
=E[¢1c,]-E[¢1g,]=0 [by property (CE3)]
- P[G,]=0.

Using Union Bound (A.4]), we thus obtain

PE>¢1=P[UGn]|< X P[G]=0 =  P[¢>¢]=0.

neN neN

Similarly, by symmetry, we find P [¢ < £'] = 0, so we conclude that P[£ = '] = 1. O

Before addressing its existence, we record a few motivating exercises that should give more
intuition on the concept of conditional expected value. Recall that, if x : Q - R is a random
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variable, the sigma-algebra generated by x is the smallest sigma-algebra o(x) such that y is
o(x)-measurable. We denote the conditional expected value of £ given o () briefly by

El¢Ix]=E[Slo0)]

Exercise 2.3. Let £ and n be independent Bernoulli(p) distributecﬂ random variables with parameter p € (0,1).
Define x = 1{¢ + n = 0}. Calculate E[£|x] and E[n]x].

%Bernoulli distributed here means that P[¢=1]=P[n=1]=p and P[(=0]=P[n=0]=1-p.

Exercise 2.4. Let (Q,.#,P) be a probability space. Let (£;);>1 be a finite or countably infinite partition of
into Z-measurable sets: ; NQ; = @ for i # j and Uj»; 2; = Q. Assume that each ; has positive probability. Let
% be the sigma-algebra generated by (£2;);>1. Let £: © — R be an integrable random variable. Define

E[lg,€]

n:Q-R, ﬁ(w)izm
j

for w e Q.

Show that 7 is a version of E [£|¥].

Exercise 2.5. Let ¢ c .# be a sigma-algebra such that for all E € ¢, we have P[E] € {0,1}. Show that for any
integrable random variable £ : Q - R, we have E[¢|¥] = E [£] almost surely.

Exercise 2.6. Suppose that £ and 7n are real-valued random variables, which have a joint probability density
fen: R? - [0, ). Recall that 1 then has a probability density given by

fn(z):Afg,n(w,z)dz.

Define a “conditional density” fe|,, : R? - [0,00) by

fepn(@,2) =1 @ if fn(2) >0
0, if fo(2) =0.

Prove that if h: R — R is a Borel function such that k(&) is P-integrable, then
9(2) = [ h(@) fejy(e,2) da

defines a Borel function g such that g(n) is a version of the conditional expected value E[h(£)|o(n)] of h(§) with
respect to the sigma-algebra o(n) generated by 7.

2.2 Existence of conditional expected value in L2?(P)

Let us now turn to the question whether the conditional expected value in Definition [2.1] actually
exists. Indeed, thanks to the assumption ¢ € L(IP) in Definition 2.1} one can actually construct
a version E [£|¥] by using the structure of the spaces L2(IP) c L' (P). The construction is easier
and more concrete if £ € L*(P), while the case of ¢ € L'(P) ~ L*(P) follows via a relatively
standard truncation argument.

> If € € L?(P), then E [£|9] can be constructed explicitly as the orthogonal projection of ¢ in
L?(P) onto the subspace consisting of ¥-measurable random variables, see Proposition
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> If £ e LY(P) but & ¢ L?(P), then one can truncate it suitably to reduce to the L?(P) case.

To construct E[£]9] for & € L?(P), we will use properties of L?(IP) from Section

Proposition 2.7. (Conditional expected value in L?) Suppose that € € L*(P). Let 9 c F
be a sub-sigma-algebra. Let mmy (&) be the orthogonal projection of & onto m% n L2(PP),

m¥ = {x: Q> R|x is Y-measurable},
defined in Proposition [2.24). Then, property[CE3| holds for mymy(€):

E[ﬂ'mg(f) 1|G’] = E[§ ]JG'] for all G e 9.

Proof. Fix G € 4. The indicator function 1 is 4-measurable and bounded, so 1g € m% n L?(P).
Therefore, by item [I] of Proposition we have (£ — mne(€)) L 1. This gives property

0 = (- mmy (&), Ia)re = (& 1a)r2 — (Tmw(§), Ua)r2 = E[§le] -E[mug(£) la],
where (¢,1) 72 = E[¢n)] for all £,ne L?(P) (see Section [2.4). O
Upshot. Proposition shows that 7y, (€) = E[¢]|¥9] € L2(P). Recall also that it is unique

by Lemma [2.2] — we have thus constructed E[¢]%] for all £ € L?(P). We will not discuss the
case where ¢ € L*(P) \ L?(P) here, but just refer to [Kyt20, Proposition E.13 in Appendix E|.

2.3 Key properties of conditional expected value

Let us record here some important and useful properties of conditional expected value. We leave
the verification of these properties as an exercise — they follow quite easily from the definitions
(and the “standard machine”).

Lemma 2.8. Let £ € L'(P) and let 4 c .F be a sub-sigma-algebra. The conditional
expected value E[£|9] satisfies the following properties (almost surely).

0. If £ >0 almost surely, then E[£|9] >0 almost surely.
1. (Known quantity): If £ is itself 4-measurable, then E[£|9] = €.
2. (Unbiased): E[E[£|¥4]] = E[£].

3. (Linearity): £ —» E[£|9] is linear.

4. (Tower property): If 7 c ¥ c.F are sub-sigma-algebras, then

E[E[¢|9]| ] =E[¢] 2]
5. (Known can be taken out): If n is 4-measurable and n¢& € L*(IP), then
E[n¢l9]=nE[£]¥9].

6. (Independent yields no information): If £ is independent of 4, then

E[£|¢]=E[¢].
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Exercise 2.9. Prove Lemma 2.8

Analogues of many results for the usual expected value also hold for conditional expected value.

Lemma 2.10. Let ¢ € LY(P) and let 9 ¢ .F be a sub-sigma-algebra. The conditional
expected value E[£|9] satisfies the following properties.

1. (Conditional Jensen’s inequality): If ¢ : R — R is conver and p(&) € L*(IP), then

o(E[£]19]) < E[p(&)]¥] almost surely. (2.1)

2. (Conditional Monotone Convergence Theorem): Suppose that &1,&,... € L' (P) is a
sequence of non-negative random variables such that &, < &nv1 for allm e N, and

a.s.

€n — &
Then, we have
E[% 9] — E[¢]9]
3. (Conditional Dominated Convergence Theorem): Suppose that £1,&s, ... € L' (P) is a

sequence of random variables for which there exists n € L'(P) with |&,| < n for all
neN, and

a.s.

Then, we have

E[&.|9] = E[¢]9].

4. (Conditional Fatou’s lemma): Suppose that &,&,... € LY(P) is a sequence of non-
negative random variables. Then, for any sub-sigma-algebra &G c %, we have

E[lim inf &, |9 ] < liminf E[&,|¥] almost surely.
n—oo n—oo

Exercise 2.11. Prove Lemma [2.10)

2.4 Background: Hilbert spaces and the space L?(P)

In this section, we consider the space L?(IP) of square-integrable random variables (Q,.%#,P) in
more detail. In particular, we will show that L?(P) is a Hilbert space (see Theorem [2.20)).

In fact, elements of L2(PP) should be defined up to P-almost sure equivalence: if P[¢ = £'] = 1,
then & = ¢ € L?(P). In other words, elements in L?(P) are identified up to the equivalence

relation induced by identifyinﬂ elements with the same value of the norm || - ||z2:
p=0eI2®) = |nlp=VERFI=0 < =0 Pas,

which is equivalent to identifying them up to passing to a different version, cf. Definition [1.16

7Strictly speaking L2(]P’) should be defined as the quotient space up to this equivalence relation.
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2.4.1 Hilbert spaces and normed vector spaces

Definition 2.12. (Hilbert space) V' is a Hilbert space if it has the following structures.

> It is a real vector space:

av+bweV forall a,beR and v,weV.

> It has an inner product, that is, a symmetric positive-definite R-bilinear map
('7'): VxV - [0700)7

* (symmetric): (v, w) = (w,v) for all v,w e V;
+ (positive-definite): (v,v) >0 for all v e V \ {0}.
* (R-lineafl”): (au+bv,w)=a u,w)+b(v,w) for all a,b € R and for all u,v,weV.

> It has a metric (or distance function)
dist(+,-) : V. xV - [0,00)
induced by the inner product: dist(v,w) := m
> (V,dist) is a complete metric space (see Definition and the remark below).

The property that (V,dist) is a complete metric space is equivalentﬂ to the property that
(V- 1) is a complete normed vector space (i.e., a Banach space) with respect to the norm

|- [+ V' > [0, 00)

induced by the inner product: ||v||:=+/(v,v).

“Note that R-bilinearity follows from R-linearity and symmetry.
®Note that dist(v,w) =||v - w]||.

Definition 2.13. Let V be a Hilbert space. For two vectors £, €V, we write

E1n — (§&,m =0.

In this case, we say that the two vectors are orthogonal.

If W c V is a vector subspace, the vector £ € V' is said to be orthogonal to W if
Eln for all n e W,
and in this case, we write £ L W. We define the orthogonal complement of W in V' as

Wh={¢eV|&1nforallneW} c V.
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Exercise 2.14. Let V be a Hilbert space. For a subspace W c V, define its closure as
W= {17 € V| 3 sequence (1n)nen in W such that ||nn —n|| - 0 as n — 0},

that is, the set of all vectors in V' that can be approximated by vectors in W in the normed topology of V.
Prove that the following orthogonal direct sum decomposition holds:

V=WeW where W nW* = {0}.

Definition 2.15. Let (V]| - ||) be a normed vector space. A sequence (v )pey in V' is
said to be a Cauchy-sequence in (V]| - ||) if

lim sup ||vp—vn|l = 0. (2.2)
m

> nn/>m

Definition 2.16. A normed vector space (V|| - ||) is said to be complete if any Cauchy-
sequence in (V,|| - ||) converges in (V|| - ||).

2.4.2 [L*(P) as a Hilbert space
Note that L?(IP) has the following structures:
> It is a real vector space.
> Tt has an inner product: (£,n)2 :=E[£n] for all &,1 € L?(P).

> It has a norm: ||€]|z2 = \/E[€2] = /(& &) 2 for all £ e L*(P).

> It has a metric (distance function): distz2(&,n) =€ - n ||z

Lemma 2.17. (Cauchy-Schwarz Inequality) For any &,1 e L?(P), we have

1€ m ez [ < 1€ Nz [ ]2

Exercise 2.18. Prove Lemma 217

Definition 2.19. Sequence (&,)nen in L2(P) is said to converge in L? to an elementEl
€ e L*(P) if

Tim || &~ €|z = 0.

. . L?
In this case, we write &, — &.

“Note that the limit & € L?(P) is only unique up to events of probability zero (P-almost surely).
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Theorem 2.20. The space (L*(P),|| - ||z2) is complete (cf. Definition[2.16).

Proof. Suppose that (&,)nen is a Cauchy-sequence in (L?(P), || - ||;2), that is,

7%1_{20 sup |[&€n = &nllr2 = 0. (2.3)

n.n'>m

Step 1. We will first argue that (&, ),ey has a subsequence that converges in (L?(P),]| - ||2).
Property (12.3)) implies that we can find indices 1 < mj < mg < --- such that

& — &2 <477 forall n,n/ >my, jeN.

Using Cauchy-Schwarz Inequality (Lemma [2.17]), we obtain
E [|§m]’+1 - £mj |] < ||§mj+1 - gmj HL2 < 4_j for all nan, 2 My, J€ N.

Summing over j € N, this shows by Fubini’s theorem that
ZEHgmﬁl _gmj |] < 247]' < 00,
j=1 =1
as a geometric series. Therefore, the next Lemma applied to n; := |§mj+1 —&m; | shows that

Yo l&mjs —E&my | < o0 almost surely. (2.4)
j=1

Lemma 2.21. Consider a sequence (1;)jen of non-negative random variables. If
E[Yn] = Y E] < «,
j=1 j=1
then we have

J—>00

P[gnj < oo] =1 and P[limnj = O] = I

Proof of Lemma[2.21] See [Kyt20, Lemma VIII.6 & Proposition VIIL.7]. O
Next, from , considering a telescoping sum, we see that
0o ] k
]Z::l(fmjﬂ ~&m,) = Jlim Z}l(ﬁmﬁl ~&m;)
= m (s = Em) + G = Emis) + -+ (o = m))
= i (& ~Em),
which shows that the subsequential limit
£:= ]}1_)120 Emp exists almost surely. (2.5)
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Step 2. To conclude the proof, we promote the (almost sure) subsequential convergence in

Step 1 to convergence of the whole sequence (&,)nen in (L2(P),]| - ||z2). Indeed, we have
160 = €172 = E[(6~€)°) = E] lim (&0~ &m,)’ [by @3)]
< h/?iiogf E [(fn - fmk)z] [by Fatou’s lemma
< li’?_l)glf 4720 = 47 when n > m;.
Finally, taking n — oo, we find that &, L—2> &, which is what we sought to prove. O

Definition 2.22. For two vectors &, € L?(P), we write

§L7] = <§,77>L2 =0.

In this case, we say that the two vectors are orthogonal.
If V c L?(P) is a vector subspace, the vector & € L?(IP) is said to be orthogonal to V if

&1l for all n eV,

and in this case, we write £ L V.

The Hilbert space structure of L2(IP) allows us to define orthogonal projections very analo-
gously to the case of Euclidean spaces. In Euclidean spaces one usually consider projections onto
lines, planes, or other closed subspaces. Similarly, in the case of a Hilbert space, an orthogonal
projection can be deﬁnedﬂ onto any closed subspace (see Proposition .

Definition 2.23. (Closed subspace) A vector subspace V c L?(PP) is said to be closed if
it is a closed set in the topology induced by the norm || - ||z2. This is equivalent to the
property that for all sequences (7, )neny in V' that converge, the limit belongs to V:

L2
M —> 1 = nev.

Proposition 2.24. (Orthogonal projection) Let V c L?(P) be a closed subspace. Consider
a vector & € L*(P). Then, the following hold (draw a picture!).

> Consider a vector n € V. The following are equivalent:
1. (orthogonality): (§-n) L V;
2. (minimal distance to V): ||€ -=n||r2 = in‘f/ 1€ = x|L2-
X€
> If either of these equivalent properties holds, then n exists and is almost surely unique.

The vectorn € V satisfying these properties is called the orthogonal projection of € onto V.

Proof. See [Kyt20], Proposition E.8 in Appendix EJ. O

8 Although not evident in these notes, the completeness of the space L*(P) is needed for the existence of the
orthogonal projection in Proposition m— see [Kyt20, Appendix E| for a detailed exposition.
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3 Martingales in discrete time

Throughout this section, we work with a fixed probability space (€2, .%,P). We consider discrete-
time stochastic processes X = (X;)nen, taking real values: X, : © — R for all n. We are
interested in the mathematical notion of information accumulating over time (termed “filtration”)
and processes that have particularly useful properties regarding how their conditional expected
value changes over time as information accumulates (termed “martingales”’). The main result
of this section is Doob’s Optional Stopping Theorem [3.20] which is an extremely useful tool in
martingale theory (and in stochastic analysis based on the theory of Brownian motion).

3.1 Filtrations

We begin with mathematically formalizing the notion of “information.”

Definition 3.1. (Filtration) A collection Fy = (F,)nen, comprising an increasing family
Fo c Fy c - c.Z of sub-sigma-algebras of .Z is called a filtration. The tuple (2, %, Fo,P)
is called a filtered probability space.

Often, when considering a given stochastic process X, the filtration F, is implicitly taken to
be the natural filtration generated by X, defined as

FX=0(Xo, X1,...,Xp).

The idea is that the information accumulated over time is gathered in the elements F.X of the
filtration: F:X contains the information available at time n.

Definition 3.2. Stochastic process X = (X, )nen, is adapted to a filtration F, if

X, € mF, :={x: Q—>R]|x is F,-measurable} for all n e Ny.

For example, X is always adapted to its natural filtration F.X.

3.2 Martingales

As a warm-up example, let us consider the simple symmetri(ﬂ random walk S = (Sp)neng»

So=0 and Sy = iﬁj forn=1,2,..., (3.1)
j=1
where the steps &1, &2, ... are i.i.d. coin tosses: P[&; = +1] = % =P[& = -1]. The natural filtration
of S is just generated by its steps:
> Fy ={2,Q};
> F2:=0(Sg,S1,...,8) =0 (&r,...,&), for n > 1.
The process S has the following further important properties:

> S, e mF7 for all n e Ny (adapted);

?The random walk is said to be symmetric if its steps are centered: E[¢;] = 0 for all j.
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> | Sy | <n for all n € Ny (integrable);

D> its increments are centered:

E[Sni1 = Snl FS1=E [&n | Fy ]
=E[&r41] [by item |§| of Lemma as &p41 indep. of ]-;?]
=0.

The last property also implies the following martingale property:

0=E[Spe1—Sn| F2]
=E[Sn1|FS] - E[Sn|FS] [by linearity]
=E[Sn+1 |.7:,f] -5, [by item [5| of Lemma as Sy, € m}_;?]
- E[Sn+1|f§] =5,.

In words, this means that the “best prediction” for the value of S,,;1 given the information .7-";?
up to time 7 is the current value S, (that is measurable with respect to F2).

Definition 3.3. (Martingale) Stochastic process M = (M, )nen, on a filtered probability
space (2, #,F.,P) is called a martingale if

MGI. (it is adapted to F,): for every n € Ny, the random variable M, is F,,-measurable;
MG2. (it is integrable): for every n € Ny, the random variable M, € L!(P) is integrable;

MG3. (it has the martingale property): almost surely, we have

E[Mp1|Fn] = M, for every n € Nj.

If instead E [ M1 | Fn] < M, or E[Mps1|Fn] 2 My, in property M is said to be a

supermartingale or a submartingale, respectively.

Using item [1] of Lemma and linearity, we see thaﬂ M is a martingale if and only if M
satisfies MGI] & [MG2] and its increments satisfy

E[ M1 - My |F] = 0. (3.2)

> Note that the question whether a process is a martingale depends on the choice of the
filtered probability space (£2,.%,F,,P) (which is, often, implicit).

> M is a martingale if and only if M is both a supermartingale and a submartingale.

> M is a supermartingale if and only if —M is a submartingale. Thus, a statement about one
automatically implies a converse statement for the other.

Example 3.4. Simple random walk of the form (3.1)) with i.i.d. steps &;,&,... € L' (P)
> a martingale if E[£1] = 0;
> a supermartingale if E[£1] < 0;

> a submartingale if E[&;] > 0.

10The analogous equivalence holds for super- or submartingales with “<” or “>”.
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The (super)martingale property propagates to the future in the following sense.

Lemma 3.5. Let M = (My)nen, be a supermartingale. Then, we have
E [ M| Fn] < M, for all n e Ny, keN. (3.3)
In particular, we have
E[M,] <E[Mo] for all n e Ny. (3.4)

If M is a martingale, then equality holds in (3.3 and (3.4).
If M is a submartingale, then the inequalities in (3.3) and (3.4)) read “>” instead.

Exercise 3.6. Prove Lemma@ Hint: You can use properties of conditional expected value from Lemma @

In particular, (3.3)) shows that a super/submartingale is monotone in expectation. Martin-
gales were introduced to model a “fair” game — however, (super)martingales actually represent
a quite unfavorable gambling scheme, see Proposition (you cannot beat the house!).

Example 3.7. Let £ € L' (P) be a random variable on a filtered probability space (2,.%, F,,P).
The conditional expected values (E [£] fn])nENg define a martingal

> (MGIL): for every n € Ny, we have E[£|F,] € mF, by Definition

> (MG2): for every n € Ny, we have E[¢|F,] € L'(P) by Definition 2.1] (item [CEI]);

> (MG3): for every n € Ng, we have IE[IE (€| Frs1] |]-'n] = E[¢|F,] by the Tower Property

(item [4] of Lemma [2.§)).

Example 3.8. Let us consider a gambling scheme (doubling strategy) based on random walk,
whose steps &1,&2,... are i.i.d. coin tosses: P[&; = +1] = % =P[& = -1]. Consider the natural
filtration F5 = o(£1,...,&,), for n> 1, and Fy = {@,Q}. Set My =0, M =&, and for n > 1,

(3.5)
M, M, >0,

M, = {Mn +2" €n+17 Mn < 07

that is, on each round, we bet on a fair coin toss so that (see also the below table)

> if we lose, then we double the bet, and bet again,

> if we win, we stop (this happens when M,, becomes positive).

Then the process M = (M, )nen, is @ martingale with respect to .7-",5 .

round (n) 1‘2‘3‘4‘5‘6

coin toss (&) lose ‘ lose ‘ lose ‘ lose ‘ lose ‘

cumulative profit ((H e X),) | -1 ‘ -3 ‘ -7 ‘—15 ‘ —31‘ +1

"This process is often called the “prediction martingale,” or the “tautological martingale.”
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Is this a perfect winning strategy? Well, it can take a really long time before we win a round.
Thus, we would need a huge budget in order to be able to play as long as needed.

Exercise 3.9. Prove that the process (3.5) is a martingale.

3.3 Predictable processes and the first example of a stochastic integral

Definition 3.10. (Predictability) Stochastic process H = (Hp)nen, on a filtered proba-
bility space (Q2,.7,F.,P) is called predictable (or previsible) if for every integerﬂ neN,
the random variable H,, is F,,_i-measurable, i.e., H, e mF,_1.

“Note that we don’t care much about the initial value Hy, which is some random variable: Hy € m.%.

The idea is that the value of H,, is known already before time n. This will be important in the
definition of stochastic integrals (especially later when we consider continuous-time processes).

Let us consider a simple example of an investment strategy. Let

> X, be the price of a given stock in the evening of day n; and

> H, be the number of these stocks in our portfolio in the morning of day n.

Then, the change in the stock price during day n is X,, — X,,_1, and the profit in our portfolio
during day n is H, (X, — X,-1). The cumulative profit up to day n is

n

ZHk(Xk_Xk—l) =: (HOX)n (36)

k=1
Setting also (H e X)g = 0, we obtain a stochastic process H ¢ X = ((H ® X )y )nen,. This is an
example of a “discrete stochastic integral” of H with respect to X. The following result shows
that a strategy given by a (super)martingale is not expected to be profitable.

Proposition 3.11. Consider a filtered probability space (2, .7, Fe,P). Let M = (My,)nen,
be a supermartingale and consider a process H = (Hy )nen. Suppose that

> H is non-negative: H, >0 for all n e N;
> H is predictable (Definition |3.10);
> H is bounded: for all n € N, there exists a constant ¢, € (0,00) such that Hy, < ¢;.

Then, the discrete integral process H M 1is also a supermartingale.

Assuming instead that M is a (sub)martingale, H ® M is instead a (sub)martingale.

Proposition also shows together with Lemma that under the above conditions, the
discrete integral (cumulative profit) process H ¢ M is non-increasing in expectation:

E[(HeM)py|F,] < (HeM), foralO<n<m.

Proof of Proposition|3.11. We check the defining properties of a supermartingale for H e M:
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> (MGI)): Clearly the constant (H e M) =0 € mFy, and for every n € N, since Hy, My, € mFy,
for all 1 <k <n, we also have

(H M ZHk(Mk_Mk 1) € Inf

> (MG2): Clearly the constant (H e M)y = 0 is integrable. For every n € N, since Hj, are
bounded by ¢ for all 1 <k <n, and M}, are integrable for all 0 < k < n, we also have

E[|(H0M)n|]£§:E[Hk|Mk—Mk1 ki (ENM]] + E[ Myt ]]) < oo,
=1 =1

> (MG3|): For every n € Ny, we have

E[(H e M)p1 — (H e M)y|Fp]

=E[ Hp+1 (Mys1 — M) | Fo] [telescoping sum)|
—
em¥Fy
= Hp1 E[(My1 — M) | Fr] [by item || of Lemma as H is predictable]
= Hp41 (E (M1 Fn] = E[M,, | Fp] ) [by linearity]
—
>0 <M, =M, e mF,
<0. [since H is non-negative, M is a supermartingale,

and using item [I{ of Lemma , as M is adapted]
From (3.2) (with “<”), we conclude that H e M is a supermartingale.

The case of a (sub)martingale follows by a similar computation. O

Exercise 3.12. Show that Proposition @ also holds also under the following alternative assumptions:
> M is a (super/sub)martingale;
> H is non-negative and predictable;
> My, Hy € L2(P) for all n e Ng and m e N.

That is, check that under these assumptions, H e M is a (super/sub)martingale (recall Cauchy-Schwarz Inequality).

3.4 Stopping times and Optional Stopping Theorem

Recall from Lemma [3.5] that the best prediction for the value of a martingale M at any future
time (m > n) given the information up to the present time (n) is its value at the present time:

E[Mp|Fo] =My,  0<n<m. (3.7)

Often in applications one is interested in the conditional expected value of M at a random time.

As an example, one might be interested in the value of the discrete integral process H e M,
representing cumulative profit, when the stock price M reaches some target value. Roughly
speaking, determining whether this has happened should be possible based on the current avail-
able information. This motivates the definition of a “stopping time.”
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Definition 3.13. (Stopping time) Random variable 7 : © — Ny u {+co} on a filtered
probability space (Q,.%,F.,P) is called a stopping time (or optional time) if for every
n € Np, the event {7 <n} is F,-measurable:

{r<n}={weQ|1(w) <n} € F,.

Exercise 3.14. Consider a random variable 7: Q - Ngou{+oo} on a filtered probability space (Q2,.%, F.,P). Show
that the following are equivalent.

1. 7 is a stopping time with respect to Fe, that is, {7 <n} ¢ F, for all n € Np.
2. We have {7 =n} ¢ F, for all n € Np.

3. The indicator process Hy, = 1{n < 7} is predictable, that is, Hy € mF,_1 for all n € N.

Exercise 3.15. Let 0,7 be stopping times with respect to (w.r.t.) a filtration F,.
1. Show that also o A7 :=min{o,7} and o Vv 7 := max{o, 7} are stopping times w.r.t. Fo.

2. Is o + 7 a stopping time w.r.t. Fo?

Definition 3.16. (Stopped process) Let 7 be an a.s. finite stopping time (P[7 < 0o] = 1),
and let X be a process adapted to the filtration F,. Then, we set

XT = z ]J{T = k:} Xk.
k=0

We thus define the stopped process

(Xnar)neNy where n A 7 := min{n, 7}.

Theorem 3.17. Let T be a stopping time, and let M be a (super)martingale. Then, the
stopped process (Mpar )nen, @ also a (super)martingale and

E[Mnr] < E[Mo]. (3.8)

If M is a martingale, then equality holds in (3.8).

Remark 3.18. In Theorem we only require that M is integrable (via property in
Definition — we impose no requirements for the stopping time 7.

In the statement of Theorem [3.17] one might wonder whether we could omit the cutoff n in
n AT and deduce that E[M;] <E[Mo]. In order to define the value M, (cf. Definition [3.16)).
we would at least want to require the stopping time 7 to be almost surely finite. However, this
is not a sufficient condition, as the next example shows.

32



Example 3.19. Consider the simple symmetric random walk S (as in Example started at
Sp = 0. It is a martingale, and one can check (see Exercise [3.28)) that the hitting time at level 1,

re=inf{neN|S, =1},
is a stopping time such that P[7 < co] = 1. However, we have
E[Snuar] =E[So] =0  for all n e Ny, but  E[S;]=1%0=E[So].
Hence, we have E[S;] >E[Sy] even though 7 is almost surely finite.

From Example [3.19] we see that additional assumptions are needed in order to retain the
property E[M;] <E[Mj] even for almost surely finite stopping times 7. We shall list a few of
those in Theorem [3.20] below. Before this, let us first prove Theorem [3.17}

Proof of Theorem[3.17. Note that for any n € Ny, the random variable n A 7T is a finite stopping
time. Moreover, by Exercise the process H = (Hy)nen, defined as Hy, := 1{n < 7} is non-
negative, bounded, and predictable. Therefore, Proposition [3.11]shows that the discrete integral
process H e M is a (super)martingale. Using its definition , we obtain

n n NAT
(Hoe M)y = Y Hp(My-M1) = Y Wn<7}(My, - My_1) = ) (M~ My_1)
k=1 k=1 s}
= (Mn/\'r - Mn/\T—l) toeet (Ml - MO)
= Mn/\T—MO

by cancellations in the telescoping sum. Now, since both H e M and the constant process My
are (super)martingales, so is the stopped process (Muar)nen, = ((H @ M)y, + MO)neNo'
Asserted formula (3.8)) then follows from (3.4) in Lemma O

Theorem 3.20. ((Doob’s) Optional Stopping Theorem) Let M be a martingale. For a
stopping time T, under any of the following conditions [OSTI], [OST2|, or[OST3|, we have

M,eL*P) and E[M.]=E[M]. (3.9)

OST1. (7 is a.s. bounded): There ezists a constant C € (0, 00) such that P[T < C] = 1.

OST2. (7 is a.s. finite and | M | is a.s. bounded): There exists a constant C € (0,00) such
that P[| M, | < C] =1 for all n € Ny, and P[1T < 00o] = 1.

OST3. (7 is integrable and M has a.s. bounded increments): There exists a constant
C € (0,00) such that P[| My, — My,_1|<C] =1 for alf]n € Ny, and E[7] < oo.

“Here, we use the convention that Moy — M_; = Mp.

Proof. Note that E[M,.,] =E[My] for any n € N by Theorem
> Assuming [OST1] using Theorem with n = |C] being the integer part of C gives
E[M,] = E[M,c|] = E[Mo].
From the proof of Theorem (with Hy, := I{n < 7}), we also find that
| M| = | Moyl = |(HeM)jcj+ Mol < [(HeM)c)|+]Mo]
which shows that M, € L'(P), because (H o M), Mo € L' (P) by property
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> Assuming[OST2] since 7 is a.s. finite, we have nAT — 7 almost surely as n — co. This shows
that M,,, — M, almost surely as n - oo. Since we also assumed that | M | is a.s. bounded,
using the Bounded Convergence Theorem (BCT) [Kyt20, Corollary VII.21], we obtain
: BCT) .
E(M,] = E[ lim M., ] P tim  E[M,..] = E[M)

n—oo n—oo
=E[Mo] for all n

Moreover, we have M, € L'(P), because | M, | < C' almost surely.

> Assuming (OST3| note that the assumption E[7] < co implies that P (7 < c0) = 1. Hence,
similarly as above, we have M, - M, almost surely as n - oo. Moreover, we have

NAT

| Mo+ Y (My = Mi_1)|
o1

|Mo|+ClnAaT| < |My|+Cr, n e N.

| Miar |

IA

Hence, similarly as above, we can use the Dominated Convergence Theorem (DCT) [Kyt20}
Theorem VII.19] to obtain

E[M,] = E[ lim My,

n—oo

] "<V dim E(Ma] = (M),
n—oo
=E[Mp] for all n

and similarly,
. DCT) .
E[1M,[] = E[ lim | My |] V<0 lim E[[Me[] < E[|Mo[]+ CE[7]
As My € L*(P) by property[MG2 and 7 € L!(P) by assumption, we see that M, € L1(P). O

We leave it as an exercise to extend Theorem [3.20] to super- and submartingales.

One can also compare values of martingales at different stopping times.

Proposition 3.21. Let M be a (super)martingale. Let o,7 be two stopping times such
that P[o <7 <oo] =1 and P[1 < C] =1 for some constant C € (0,00). Then, we have

E[M,] <E[M,]. (3.10)

If M is a martingale, then equality holds in (3.10)).

Proof. This result is an extension of part of Theorem[3.20] and the proof proceeds similarly
as for Theorem We have

T LC]
M; - M, = Z (My - My_1) = Z Hy (M~ My 1) = (H'M)[Cja

n=o+1 n=1

where Hy, := 1{o <n < 7}. The process H = (Hy)nen, is clearly non-negative and bounded. It is
predictable by Exercise [3.14] because o, 7 are stopping times, so

{n<ry={r<n}={r<n-1}° ¢ Fo and {o<n}={o<n-1}° ¢ F1.
Thus, Proposition shows that the discrete integral process H ¢ M is a (super)martingale, so
0=E[(HeM)o]>E[(H e M)c]=E[M,]-E[M,],
which proves . O
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As a converse of item [OSTT|of Theorem [3:20] martingales can be in fact characterized in terms
of their expected values at all bounded stopping times — see Proposition and Lemma [3.26

Proposition 3.22. Let M be an integrable, adapted stochastic process. Prove that M is
a martingale if and only if for all bounded stopping times T, we have E[M;] =E[Mjy].

Exercise 3.23. Prove Proposition

Hint: The direction “=" follows from item of Theomm@ To show the converse direction “«<,” prove
first the following observation: for any integers n,m € Ng such that n < m, and an event A € F,, the process
Ti=nly+mlg.a is a stopping time.

For a stopping time 7, the sigma-algebra
Fri={AeFu|An{r<n}eF, forall ne Ny} c .7, (3.11)

where Fo = a( U .7-""), represents information available up to the random time 7.
neNg

Exercise 3.24. Consider a stopping time 7 with respect to a filtration F,.
1. Check that F- defined in (3.11) is a sigma-algebra.
2. Show that 7 is Fr-measurable.

3. Suppose that 7 is almost surely finite. Show that X, is Fr-measurable (cf. Definition [3.16)).

Exercise 3.25. Consider two stopping times o, 7 with respect to a filtration F,.
1. Show that if o < 7, then Fy c F.
2. Show that Foar = Fo N Fr.

3. Show that {0 <7} € Forr and {0 =7} € Fonr.

Lemma 3.26. Let M be an integrable, adapted stochastic process. Prove that M is a
martingale if and only if for any two bounded stopping times o and T, we have

E[M;|Fs] = M:ns almost surely.

Exercise 3.27. Prove Lemma[3.26] Hint: Use a similar strategy as for Proposition[3.23

Using Doob’s Optional Stopping Theorem [3.20] one can compute hitting probabilities for
random walks, as the next exercise shows. The formula is often referred to as “Gambler’s ruin.”
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Exercise 3.28. (Gambler’s ruin) Fix a,b,z € Z with a <b and a <z <b. Let £1,82,... be i.i.d. random variables
with

P[&1=+1]=p, P& =-1]=1-p.

Define a process X = (Xn )nen, by

M=

Xo=z and Xpi=x+ Ex for n e N,

1

K
and define the first hitting time to a or b by X (with the convention that inf @ = +o0) as
7:=inf{n €Ny | X, =a or X, =b}.

1. Show that 7 is a stopping time with respect to (w.r.t) the natural filtration F;X generated by X.
2. Assume that p = % Show that P[7 < +00] = 1. Define a function

f(z)= Z:a, z€Z.

Q

Show that the process f(X) = (f(Xn))nen, is a martingale w.r.t. FX.
3. Assume that p = % as above. Show that P[ X, =b] = f(x). Hint: Optional Stopping Theorem

4. Assume that p % Show that P[7 < +o0] = 1. Define a function
g(z)=a®, z€Z, aeR.

Find a value of o€ R\ {0,1} such that the process g(X) = (¢(Xn))nen, is a martingale w.r.t. F7X and show
that

_9(z) - g(a)

L ==t —oa)

Hint: Optional Stopping Theorem [3.20

3.5 Toolbox: Useful convex transformations (*)

Let us record here useful consequences of conditional Jensen’s inequality (item of Lemma [2.10)).

Lemma 3.29.

1. Let M = (My)nen, be a submartingale.
Let ¢ : R > R be a non-decreasing convez function such that E[|¢(My,)]|] < oo for all
neNg. Then ¢(M) = (¢(My,))nen, is a submartingale.

2. Let M = (Mpy)nen, be a supermartingale.

Let ¢ : R - R be a non-decreasing concave function such that E[|¢(My,)|] < oo for
all n € Ng. Then ¢(M) = (¢(My))nen, S a supermartingale.

Proof. To prove item |1, we check the defining properties of a submartingale for ¢(M):

> (MGI)): for every n € Ny, we have ¢(M,,) = ¢ o M,, ¢ mF,, since ¢ is a Borel function;
> (MG2): for every n € Ny, we have ¢(M,,) € L*(IP) by assumption;
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> (MG3)): for every n € Ny, we have

E[¢(Mni1) | Fnl > ¢(E[Mpi1 | Fn]) [by conditional Jensen’s inequality (2.1))]

> p(My,). [since ¢ is non-decreasing)

This proves item |1} Item [2| then follows easily by considering the process —M. O

Remark 3.30. If M is a martingale, then item [I] of Lemma [3.29 can be formulated in the
following form: if ¢ : R — R is a convex function such that E[|¢(M,,)|] < co for all n € Ny, then
d(M) = (¢(My))nen, is a submartingale. It is evident from the proof that in this case, we do
not need to assume any monotonicity for ¢. However, ¢(M) might still not be a martingale.

Corollary 3.31. Let M = (Mp)nen, be a martingale. Then, for any p > 1, the process
(| M, [P)nen, s a submartingale.

Proof. Because z + |z [P is convex for any p > 1, the claim follows from item [I]of Lemma O

Corollary 3.32. Let M = (M;,)nen, be a submartingale. Fix a constant a € R and define
¢(x) :==max{0,x —a}. Then, p(M) = (¢(Mp))nen, @S a submartingale.

Proof. Because x — max{0,x —a} is non-decreasing and convex for any a € R, the claim follows
from item [ of Lemma O

Corollary 3.33. Let M = (Mpy)nen, be a supermartingale. Fiz a constant a € R and
define ¢p(x) :=min{0,x —a}. Then, p(M) = (¢(Mp))nen, s a supermartingale.

Proof. Because x » min{0,x — a} is non-decreasing and concave for any a € R, the claim follows
from item Pl of Lemma [3.29 O
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4 Martingale convergence theorems

Consider a (super/sub)martingale M on a filtered probability space (2, %, F.,P). Our next
goal is to investigate the long-time behavior of M, as n — oo. Recall from Lemma [3.5] that M
is monotone in expectation. Thus, in analogy with the Monotone Convergence Theorem, one
would expect that (super/sub)martingales would have a (possibly infinite) limit lim M,, =: M.

n—oo

> Under which conditions could we hope for the existence of a finite limit? It is reasonable
to expect that a finite limit would exist if
+ the absolute value | M,, | does not grow too much as n — oo;
* the value of M,, does not oscillate too much as n — oo.

It turns out that (super/sub)martingales never oscillate too wildly, see Lemma (Doob’s
Upcrossing Lemma) — essentially because they are monotone in expectation.

> If we believe that there should be a limit, we should address in which sense the limit exists
(almost surely, in L', in L?, in probability...).

Doob’s Martingale Convergence Theorems give sufficient conditions for the existence of the
limit Mo. The first (Theorem in Section concerns almost sure convergence, and the
second (Theorem in Section convergence in L'. For the latter, we need to address the
growth of | M,, | more carefully, and a key assumption is “uniform integrability,” see Section

4.1 Martingale Convergence Theorem

One possible way to ensure the existence of the limit M, (almost surely) is to require that the
martingale M = (M,,)nen, is uniformly L'-bounded, that is,

sup E[| M,,|] < co. (4.1)

neNg

Note that (4.1]) is stronger than M just being integrable (i.e., E[| M, |] < oo for all n € Ny, which
holds for any martingale by property [MG2|) — see also Exercise

Theorem 4.1. ((Doob’s) Martingale Convergence Theorem (a.s.)) Let M be a uniformly
L'-bounded martingale. Then, there exists a random variable My, € L*(P) such that

> it is measurable: Mo, € mFo, where Foo i= O'( U fn);

neNg
> we have lim M, = M, almost surely.

n—oo

> Note that convergence almost surely does not automatically imply convergence in L.

> We know that the limit is finite, but we do not know whether the limit is trivial (constant).
Indeed, the proof of Theorem discussed in the rest of this section is not constructive, so
it does not provide us with any means to find the limit M, concretely.

Remark 4.2. A similar result also holds for super- and submartingales, with (4.1)) replaced by

> sup E [max{-M,,0}] < oo for a supermartingale;
nGNo

> sup E [max{M,,0}] < co for a submartingale.

HGNO
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Indeed, if M is a martingale, then it is also a supermartingale, and —M is a submartingale.
Hence, the above condition for submartingales follows from that for supermartingales by con-
sidering — M, while the condition for supermartingales follows by the following bound:

E[|M,|] = E[M,] + 2E[max{-M,,0}]
<E[ My ] + 2E[max{-M,,0}]. [by Lemma [3.5]
——
e L1(P)

Thus, we see that M is uniformly L'-bounded if and only if sup E [max{-M,,,0}] < .

nENQ

The above discussion shows that Theorem is a consequence of the following result.

Proposition 4.3. Let M be a submartingale on a filtered probability space (2, F, Fo,P).
Assume that

sup E[max{M,,0}] < co. (4.2)

neNg
Then, there exists a random variable Mo, € L*(IP) such that

> it is measurable: Mo, € mFo, where Foo i= U( U ]:n);

nENo

> we have lim M, = My almost surely.
n—oo

With a boundedness assumption in place, the key tool to investigate the existence of
the limit of M,, is to study its oscillation. This is controlled by Doob’s Upcrossing Lemma [£4] 1t
also has an interpretation in terms of a model for investments in a stock market. The idea is that
— in a potentially profitable investment strategy — one buys stocks with a low price (valleys
of the graph of M) and sells them with a high price (peaks of the graph of M). Analytically,
we consider time intervals where M crosses from a given value a (buying threshold) to a given
higher value b (selling threshold). (The expected gain at each round is b - a.)

To formalize this, fix a < b. Define the stopping times 79 < 71 < --- as
> 70 := -1 (by convention);
D> Top_1 :=1nf{n > oo | M), <a} (“buying times”), k=1,2,..;
> 7ok :=inf{n > mop_1 | M, > b} (“selling times”), k =1,2,....

See also Figure for an illustration. Then, between each pair of times 7o_1 and 7o, termed
an upcrossing, the “stock price process” M changes at least by the amount b — a. In this model,
our portfolio will be defined as Hy:=0 and for n > 1,

1 (keep), Top—1 <N < Ty, for some k,
"0 (sell and wait), else.

Let us estimate the profit up to time n. At each upcrossing, the profit is at least b — a, and the
number of upcrossings up to time n is

Uy, = Ul = max{k e N | 79 <n}.

Doob’s Upcrossing Lemma says that on average, the profit obtained from the upcrossings is at
least the number of upcrossings times the minimum profit b — a per each upcrossing.
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Write X, := a + max{M,, —a, 0} (i.e., X, = a when M, is below a, and X,, = M,, otherwise).

Lemma 4.4. (Doob’s Upcrossing Lemma) Let M be a submartingale. Then, we have

(b-a)E [U}f’b]] < E[max{M, —a, 0}] - E[max{My-a, 0}] = E[X,, - Xo].

N

=M

X

@ /\/

i i i l N
T =1 T ” 7
T1 T2 T, Ty

1= 0 H= 1 H=0 H= 1

= Q

Figure Illustration of the setup in Doob’s Upcrossing Lemma

Proof. By Corollary X is a submartingale. Therefore, the discrete integral process (3.6)),

i Hy( Xy — Xg-1) = (H o X))y,
k=1

is also a submartingale by Proposition [3.11} as H is non-negative, bounded, and predictable.
Recall that Hy =1 during upcrossings and Hy, = 0 otherwise.

> On the one hand, we obtain

Un T2k Un
(HeX), = Z Z (X;-Xj) = Z(XT% -Xrpy) 2 (b=-a)U,. (4.3)
k=1j:7'2k_1+1 k=1 H)’b_/ i/a—’
> On the other hand, we obtain
X, -Xo = Z(Xk—Xk_l) = (HeX),+((1-H)eX),. (4.4)

k=1

Here, both H ¢ X and (1 - H) ¢ X are submartingales by Proposition as H and 1 - H are

non-negative, bounded, and predictable. Combining (4.3] and taking expected value, we
see that

E[X,-Xo] > (b-a)E[U,]+E[(1-H) e X),] > (b-a)E[U,],

>E[((1-H)eX)o] =0

which is what we sought to prove. O
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Proof of Proposition[].3 Let us consider the limit of M, (w) for w € Q as n — oo.

Step 1. For fixed w € Q, the sequence (Mp(w))nen, is a sequence of real numbers. If it fails
to converge (to a finite or infinite value), then it upcrosses infinitely often some interval [p, ¢]
given by two rational numbers p, g € Q such that p < ¢, i.e.,

liminf M, (w) < p < ¢ < limsup M, (w).

n—oo n—oo

In other words, we have
]P’[the limit lim M, (w) does not exist in [—oo, +oo]]
n—00

< P[there exists p,q € Q s.t. p<q and liminf M, (w) < p < ¢ < limsupMn(w)].
n—oo

n—00

Step 2. For each a < b, the number U,[La’b] := sup{k € N | 7o < n} of upcrossings across [a,b] is
a non-decreasing sequence, so it has a limit lim U, =: Us almost surely. Moreover, we have

E[X,-X
E[U,] < E[X ~ Xo) b a 0] [by Lemma [4.4
E| max{M,,0}|+|a
< [ {b Hlel < o0 for all n e N. [by assumption (4.2)]
-a

Hence, we see that U., < oo almost surely, since

E[Us] = E[ lim U, ] < liminfE[U,] < oo

n—oo n—oo

using Fatou’s lemma (Recall that E [Us | < oo implies that P[Ue < 00] =1.)

Step 3. Applying Steps 1 & 2 for all pairs p, q € Q of rationals such that p < ¢, we find that

P|the limit lim M, («) does not exist in [~o0, +o0]]
n—00

< ]P’[EI p,q€Q s.t. p<qand liminf M, (w) < p < q < limsupMn(w)] [by Step 1]

< > P[liminan(w) <p<gqc< limsupMn(w)] [by Union Bound (A.4)]
p,qeQ e oo

= 0. [by Step 2]

This shows that the limit lim M,, = M., exists almost surely, with My, : Q — [—o0, 00].

n—oo

Step 4. Next, we show that M., € L'(P). Using the assumed bound (£.2), we obtain

E [max{Mec,0}] < liminf E [max{M,,,0}] [by Fatou’s lemma [A.17]
n—o0
< 00, [by assumption (4.2))]

and similarly, because max{-M,,0} = max{M,,0} — M, we obtain
E [max{-Mw,0}] < liminf E [max{-M,,0}] = liminf (IE [max{M,,0}] —E[Mn]) < oo,

since E[M,] > E[Mp] (as M is a submartingale). Thus, we have E [| M |] < 00, as desired.
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Step 5. Lastly, since the limit exists almost surely and is unique up to indistinguishability, we
can define (pick a modification of) it to be

Moo (w) :=limsup M, (w), we.

n—00

Then, it is evident that the limit is measurable in the sense that M., € mF,,. O

Corollary 4.5. Let M be a non-negative supermartingale. Then, there exists an integrable
random variable My, € L' (P) such that Ms >0 almost surely and

a.s.
M, — My as n — oo,

Proof. Consider the submartingale N = —M. It is non-positive: N, <0 for all n € Ng. Thus, N
satisfies sup E [max{N,,0}] =0, so the Proposition [4.3] implies the assertion. O

nENo

Exercise 4.6. (A wild martingale) Let £1,&2, ... be independent random variables such that

2k 2k —1
]:

1
ok _1 ok and P [£k = *2]6] S for each k e N.

2k

P[éx =
Define a process M = (Mn)pnen, by

My =0 and My =Y & for n e N.

1. Show that M is a martingale w.r.t. its natural filtration FM.

2. Prove that, almost surely, we have £ > 1 except for finitely many k € N.
Hint: You can use the First Borel-Cantelli Lemma [A 13
Conclude that IF’[ lim M, = +oo] =1.
n—o0o

3. Why does this not contradict the Martingale Convergence Theorem [£.1J?

4.2 Toolbox: Uniform integrability

To change the almost sure convergence in Doob’s Martingale Convergence Theorem to con-
vergence in L', the key assumption is uniform integrability (UI). Under this assumption, one
obtains a stronger convergence result (Theorem in Section . This is also often helpful
when trying to verify that the limit M, is not trivial and to construct M from its limit M.

Definition 4.7. (Uniform integrability) A collection (;);e; of real-valued random vari-
ables is said to be Uniformly Integrable (UI) if

Jim sup E[l&| 1{|&2 R}] = o (45)

Stochastic process X = (Xy, )nen, is UL if (4.5)) holds with I = Np.
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> The next exercise shows that an UI collection is uniformly L'-bounded.

Exercise 4.8. Show that if (&;);cr is UI, then there exists a constant C' < oo such that E[|&;|] < C for
alliel.

> The converse does not necessarily hold: uniformly L'-bounded does not imply UL

Example 4.9. On the probability space (Q,.%#,P) = ([0,1],%([0,1]), tiren) given by the

Lebesgue measure piyep, consider the random variables
& =n1{(0, 1)}, neN.
Then, we have
E[l&nl] = E[n]]{(O,%)}] = n% =1 for all n e N,
so the collection (&,)pey is uniformly L'-bounded. However, if n > R, then also

Ell&n| W& | > RY] = E[n1{(0,7)} 1{n>R}] = E[n1{(0,;)}] = ny =1,

which does not tend to zero as R — oo. Hence, the collection (&)ney is not UL

> However, L!(P)-domination is sufficient to guarantee UI, as the next exercise shows.

Exercise 4.10. Suppose that if there exists an integrable random variable i € L!(P) such that |¢; | < n for
all i e I, then (gi)iel is UL

> Alternatively, uniform boundedness in LP(IP) for some p > 1 does imply UL

Exercise 4.11. Suppose that the collection (&;);cr is uniformly LP-bounded for some p > 1, i.e., there exists
a constant C < oo such that E[|&; |P] < C for all i € I. Show that (&;)er is UL

Proposition 4.12. Consider a sequence £1,&s, ... € LY (P) of random variables. Also, let
€ e LY(P). The following are equivalent:

1. The sequence (&n)nen converges in L'(P):

1
€&  thatis,  lmE[|g,-£[] = 0.

2. The sequence (£n)nen @8 Ul and converges to & in probability.

Proof. See, for instance, [Wil91l Theorem 13.7].
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4.3 Martingale Reconstruction Theorem — convergence in L!

Recall that the conditional expected value of a random variable & € L!(P) defines a “tautological”
martingale M,, := E[¢|F,]. When n — oo, if M satisfies the assumptions of Theorem we
know that it has an almost sure limit M.,. In fact, one can then prove that

Mn = E[§|fn] = E[Moolfn]

Such an identity shows in particular that if the limit is trivial, i.e. My = 0, then the whole
martingale is almost surely constant, i.e. P[M,, =0 for all n e Ng] = 1.

The following result could be termed as “Martingale Reconstruction Theorem,” since it allows
to construct the martingale M from its limit M. (This is not standard terminology, though.)
The key assumption is uniform integrability (UI), discussed in Section

Theorem 4.13. ((Doob’s) Martingale Convergence Theorem (L')) Let M be a martingale
on a filtered probability space (Q, F,Fe,P). Assume that M is Uniformly Integrable (UI):

}%im sup E [| M, | I{| M,,| > R}] = 0. (4.6)

’nENQ

Then, there exists a random variable Mo, € L*(P) such that

> it s measurable: My € mFo where Foo i= O‘( U ]:n);
neNg

> we have lim M, = My almost surely;
n—oo

! .
> we have M, — M, that is,

lim E[| My, - Ms|] = 0.

n—o00
Moreover, in this case, almost surely

Mn:E[Moo|fn:|7 nENO-

Proof. By Exercise the assumption (4.6) implies (4.1)), so Theorem readily shows that
the limit lim M,, = M., exists almost surely, with M., € L'(P) satisfying Mo, € mFw.

n—oo

Recall that almost sure convergence implies convergence in probability (Exercise [A.21)).
Moreover, uniform integrability combined with convergence in probability (cf. Proposition [4.12)
implies convergence in L'. Hence, we conclude that

M, LS M., that s, Tim B[] My, - M |] = 0.
It thus remains to be proven that M, = E[M |F,] almost surely. To this end, by (3.7),
E[My, | Fn] = M,, 0<n<m,
which shows that for any fixed n € Ng and G, € F,,, we have

E[M,1¢,] = E[E[M,|F.]1¢,] = E[E[My, Ig, |F,]]  [by item [f of Lemma [2.§]
E[My,1g, ] [by item {4] of Lemma
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On the other hand, for any fixed n € Ng and G,, € F,,, we also have

m—00

|E[Mn g, ] -E[Ms g, ]| = [E[(Mn-Ms)lg,]| < E[|Mn-Ms|] — 0,

. L
since M,,, — M. Thus, for any 0 < n < m, we see that

m—>0o0

SO
E[Mn ]JGn] = E[Moo ]Jgn], nENo.

This shows that the random variable M,, satisfies property [CE3| in Definition Because
M, also satisfies property (thanks to property IMG2) and property (thanks to prop-
erty , we see from Lemma [2.2| that

M, =E[Ms|F,].
This concludes the proof. O

As a converse to Theorem .13} if ¢ € L'(P) is a random variable on a filtered probability
space (Q,.Z,F.,P), then the conditional expected values (E [¢] ]:n])n . define a Ul martingale
by Lemma [£.14] stated below. In particular,

! a.s.

El¢|Fn] — & and  E[{|F] — &

eN

This essentially yields, on a given filtered probability space (£, %, Fo,P), a bijective correspon-
dence between Ul martingales and random variables £ € L' (P) (up to indistinguishability).

Lemma 4.14. Let £ € L'(P) be an integrable random variable on a probability space
(2, 7,P). Let (9;)jes be any collection of sub-sigma-algebras ¥; ¢ F. The conditional
expected values (E [f]gj])jej form a UI collection of random variables on (Q,.7,P):

lim sup E[|E[¢]%]| H{|E[§]%]| > R}] = 0.
=0 jeJ

Exercise 4.15. Prove Lemma [{.14] using Lemma [£.16]

Lemma 4.16. For any integrable random variable & € L*(IP), we have

sup{IE[|§|]JA]|Ae§andIP’[A]Sé} =g,

Exercise 4.17. Prove Lemma .16
Hint: You can use the First Borel-Cantelli Lemma and Markov’s Inequality (A.5)).
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4.4 Toolbox: Doob’s maximal inequalities ()

For later use, we record here useful inequalities for (sub)martingales, also due to Doob.

> The first one (Proposition [4.18) states, roughly speaking, that the expected value of a (non-
negative sub)martingale M at time n can be used to control the probability that M reaches
some given value A\ before time n, somewhat analogously to Markov’s Inequality ({A.5)).

> The second one (Proposition [4.21)) is a similar maximal inequality for the square of a (non-
negative sub)martingale.

Proposition 4.18. (Doob’s maximal inequality) Let M be a martingale or a non-negative
submartingale. Then, we have

IN

P[maX|Mk|>)\]

0<k<n

E[| M, |]J{max|Mk|>)\}]

1R
A (4.7)
1E

A

IN

E[|M,]], neN, A>0.

We present a proof relying directly on properties of submartingales and conditional expected
value (Lemmas and . See Exercise for an alternative proof using Optional Stopping.

Proof. If M is a martingale, then | M | is a submartingale by Corollary Hence it suffices to
verify (4.7) for a non-negative submartingale M. Fix n € N and A > 0, and consider the event

Ea(3) = { max My 22} = k|;|1Ak()\), (4.8)

where

AO()\) = {MO 2 )‘}7
AN ={Mp >} n{M;<Aforall0<j<k-1}, ke{l,2,...,n}.

Note that My(w) > A when w € Ax(\). Hence, we have

P[AL(N)] = /\./Ak(A) dP (w)
< My (w)dP (w since Mg(w) > A
[ M) B () since My(w) 2
< fA oy B Fil(@) dB () [by Lemma B3
k
= E[a, 00 E[My | Fi]]
= E[E[M, U, 0 | Fi]] [by item [5| of Lemma [2.8] as Ay()) € Fy]
= [M ]JAk(/\)] [by Tower property (itemof Lemma ]

Using the disjoint union , we find that
PLEN] = RPN < 5 2 E[Mn b, n] < SE[M Dz, )]

which gives the first asserted inequality (4.7), while second is immediate, since I, () <1. O
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Exercise 4.19. Prove (4.7) for a non-negative submartingale M using Optional Stopping (Proposition [3.21)).
Hint: Consider a stopping time 7 = inf{k > 0| M}, > A} An and the two events En(X) and QN E,(X) from (4.8)).

Corollary 4.20. Let M be a martingale or a non-negative submartingale. Then, we have

P[sup| My[>A] < 3 sup E[|M[],  A>o0. (4.9)
k>0 k>0

Proof. Proposition [4.18] gives

0<k<n

P[ max | M| >A] < 1E[M,]] < %quEHMM], neN, A>0.
>

We obtain (4.9) by Monotone Convergence Theorem [Kyt20, Theorem VIIL.8| with n — co. [

Proposition 4.21. (Doob’s L2-maximal inequality) Let M be a martingale or a non-
negative submartingale. Then, we have

E[ max M| < 4E[M2],  neN. (4.10)

0<k<n

Proof. If M is a martingale, then | M | is a submartingale by Corollary Hence, it suffices
to verify (4.10) for a non-negative submartingale M.

Note that the claim is clear if E[M?] = oo for some 0 < k < n, since the submartingale
property (Lemma then shows that | [M?2] = oo as well. Hence, we assume that F [M?] < oo,
so both sides of (4.10) are finite. Let us simplify the notation by denoting

Y, := max M,? and Zp = max M.
0<k<n 0<k<n
Note that since My, > 0 for all k, we have Y}, = Z,QL. Note also that (cf. Exercise [4.22))
E[Z2] :2] AP([Z, > A]dA. (4.11)
0

Thus, Doob’s maximal inequality (4.7]) implies that

E[Y,]=E[Z%] [since My, >0 for all k, so Yy, = Z2]
:Qfooo)\IP’[an)\]d)\ by @ETT)]
<2 [T ALE[M, g, ] dA by @)
<2E[M, fo T g, dA [by Fubini’s theorem [A.9)
R —
= [7rdh =7,
=2E[M,Z,] < 2(E[M}]E [Z,%])l/2 [by Cauchy-Schwarz Inequality (Lemma [2.17))]
=2(E [M2]E [Yn])l/z, [since My, > 0 for all k, so Y, = Z2]

using the notation from the proof of Proposition [£.18, Now, we consider two cases:
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1. If E[Y,,] =0, then the left-hand side of (4.10)) equals zero, so the claim is clear.

1/2 1/2

2. If E[Y,] > 0, then we find from the above analysis that (E[Y,])"" < 2(E[M2]) ", and
squaring both sides gives asserted inequality (4.10]). O

Exercise 4.22. Show that, for a square-integrable random variable & € L2(PP) on a probability space (Q2,.%,P),
we have

Egﬁ:QLMAPKZXMX

Hint: You can use Fubini’s theorem[A.19.

Corollary 4.23. Let M be a martingale or a non-negative submartingale. Then, we have

E[sup M?| < 4 sup E[MZ]. (4.12)
k>0 k>0

Proof. Proposition [4.21] gives

E[ max M| < 4E[M2] < 4supE[M?],  neN.
0<k<n k>0

We obtain (4.12]) by Monotone Convergence Theorem [Kyt20, Theorem VIL.8] with n - co. [
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5 On continuous-time processes and measurability issues

In order to discuss Brownian motion as a continuous-time Markov process and a martingale, we
next turn to generalizing some concepts from the discrete-time theory to continuous time. One
of the main caveats here is that the time index set [0, 00) is uncountable, while Ny is countable.
Thus, one easily runs into issues concerning measurability. We try to avoid delving too much
into these issues here, but we shall highlight the main ideas and important concepts.

5.1 Filtrations and stopping times

Throughout this section, we work with a fixed probability space (Q,.%,P). We consider
continuous-time stochastic processes X = (X¢)¢0 taking real values: X;: Q — R for all ¢.

Definition 5.1. (Filtration) A filtration is a collection F, = (F)¢s0 of sub-sigma-algebras
of # such that Fs ¢ F; for all 0 < s < ¢t. The tuple (Q,.7,F,,P) is called a filtered
probability space.

Definition 5.2. Filtration F, is called right-continuous if

TE = (| P for all £ > 0.

e>0

Right-continuity of filtrations is sometimes needed, e.g., when considering stopping times
(see Lemma for the first example). While perhaps being just a curiosity at this point,
right-continuity becomes quite important later on when constructing stochastic integrals.

Definition 5.3. (Stopping time) Let (Q2,.%,F,,P) be a filtered probability space. Ran-
dom variable 7: Q — [0, +oc0] is called a stopping time w.r.t. Fo if

{r<ty={weQ|1(w)<t}eF for all ¢ > 0.

Lemma 5.4. Let (2,7, F,,P) be a filtered probability space with right-continuous filtra-
tion F,. Then, we have

{TSt}Eft <~ {T<t}€.7:t.

Proof.

“=" We can write

{r<ty=U{r<t-1} e 7.
NeEN — —
E‘7:75—1/71,

“<” If {7 <t} € F; for all t > 0, then we have

oo
{r<ty= {r<t+i} e F, 1, m eN,
n=m s e— — m
€ ft+1/n Cj:tJrl/m

49



which implies that

{Tgt} € ﬂj:tJr% :‘7:t7

meN

where in the last equality we used the right-continuity of the filtration. O

5.2 Continuous-time processes and usual conditions

Throughout this section, we consider a real-valued stochastic process X = (X} )s»0 on a filtered
probability space (Q2,.7,F,,P), and discuss properties of X and of the filtration F,.

Definition 5.5. Stochastic process X is said to be adapted to a filtration F, if

X; € mF:={x: Q- R|xis Fr-measurable} for all ¢>0.

Any process X generates its natural filtration F.X := (F{X)ss0 as the history up to time t,
FX=0({X,]0<s<t}).

> To rule out pathologies, we might want all subsets of zero-probability eventﬂ to be mea-
surable. This is accomplished by simply adding them to the filtration. The resulting con-
struction is called the natural augmented filtration F¢ = (F{ )0 defined as

Fr=a(FuN), N ={NcQ|NcEeZ for some E with P[E]=0}.  (5.1)

> The natural augmented filtration is not always right-continuous. Thus, it is often convenient
to consider the natural right-continuous augmented filtration F := (F; )0 defined as

Fro= N Fhe = No(Flun),  t>0.

e>0 e>0

We will use these natural filtrations for Brownian motion in the next Section [6l

In general, a given filtration is said to satisfy the usual conditions if the above hold. These
conditions are needed, e.g., when dealing with some properties of stopping times (see Lemma/5.7)).

Definition 5.6. (Usual conditions) Let (£2,.%,P) be a probability space. Filtration F,
is said to satisfy the usual conditions if it is

UCL. right-continuous, that is,

Fi =) Frse for all ¢ > 0;

e>0

UC2. complete, that is, it contains all negligible sets (5.1): A4 c Fp.

Unless there are specific reasons not to, it is conventional to exclusively work with filtra-
tions satisfying the usual conditions [UCI] & [UC2l One can then usually deal with almost sure
properties and properties concerning open sets without worrying about measurability issues.

12Subsets of zero-probability events are sometimes called negligible sets.
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From now on, we will consider a filtered probability space (€2,.#,F,,[P) where the filtra-
tion F, satisfies the usual conditions (cf. Definition . We then say briefly that the filtered
probability space (Q, F,Fe,P) satisfies the usual conditions.

Lemma 5.7. (Entering times) Let (Q, %, F.,P) be a filtered probability space satisfying
the usual conditions. Consider a stochastic process X = (X¢)s0 adapted to Fe which has
a.s. continuous sample paths,

P [{w eQ |t~ Xi(w) is continuous}] =1.
Then, the following hold.
1. For any closed set F € B(R), the following random variable is a stopping time:

TFI=inf{t20|Xt€F}.

2. For any open set O € B(R), the following random variable is a stopping time:

TO = inf{t >0 | Xt € O}

Proof. Note that by assumption, P[Econt] =1 and P[ES ;] = 0, where
Econt :=={w e Q |t Xy(w) is continuous} and ES o = QN Eeont.
By property Feo contains all negligible sets , so we have
EnE;, € Fo for all £ c ), (5.2)

which also implies that (Q\ (En ES,)) € Fo and thus,

CO

EnEont=En(Q~N(EnES,)) € Fi for all £ € F;. (5.3)

eFocF

Hence, restricting attention to the set Econt, or to the set Ef ;, retains measurability.
1. Fix t > 0 and consider {7p <t} = ({7p <t} N ES ) U ({7r <t} N Econt). We have
> {TFSt}mEgontej:cht by ‘ , and

> since the map z ~ dist(z, F') is continuous, we have by (/5.3))

{p <t} N Beony = { inf dist(X,, F) = 0} A Eeont € Fi.
qE[O,t]ﬂQ%l_/
emFy c mF;

2. Fix ¢t >0 and consider {7p <t} = ({to <t} N ES ;) U ({70 <t} N Econt). We have
> {TO<t}nEgont EFOCj:t by " and
> since on the event Econt the set {¢t > 0| X; € O} is open, we have by (5.3

{ro<t}nBeon = (U {Xg€0})n Eeom € Fi.
q€[0,6)NQ ~——
eFqcF

Assertion [2[ then follows from Lemma (which uses right-continuity of F,). O
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5.3 Stopped processes and progressive measurability

Throughout this section, we consider a real-valued stochastic process X = (X3 )s»0 on a filtered
probability space (€2,.%,F,,P). In Sections we have discussed the notion of stopping
times and usual conditions for F,. Often we would like to consider the value of X at a stopping
time 7. However, two problems immediately arise:

> a stopping time 7:  — [0,+00] can have positive probability of being infinite;
> the map wr~ X () (w) defined as the composition

Q - Ox[0,40] - R,
w = (w0TrWw) X))

might fail to be measurable, in which case XT(w)(w) is not a random variable.

On the event {7 = oo} we set X, (., := 0 by convention. If this event has probability zero,
since we anyway consider processes up to indistinguishability, no harm is done. To address the
measurability of X ,,)(w), we need to introduce some terminology.

5.3.1 Progressive measurability

Definition 5.8. Real-valued stochastic process X on (2, .%,P) is said to be measurable if
(wv t) = Xt (w)

is a (Borel-)measurable map from (2 x [0,00),.# ® Z([0,))) to (R, B(R)).

Definition 5.9. Real-valued stochastic process X on (£, %, F,,P) is said to be progres-
sively measurable with respect to the filtration F, if for each fixed time T € [0, c0),

(w,t) » X¢(w), te[0,7],

is a (Borel-)measurable map from (2 x [0,T],Fr ® $([0,T])) to (R, B(R)).

Definition 5.10. The progressive sigma-algebra & on 2 x [0, 00) is defined by
Ge? <= foreachT >0 wehave GNn(Q2x[0,T])eFre® AB([0,T)), (5.4)

ie., & is the collection of all sets G € .# ® #([0,00)) such that (w,t) » lg(w,t) is
progressively measurable. The collection

Iy :={Ex(u,v] | EeFpand 0<u<v<T} (5:5)

is a pi-system on Q x [0,T] generating Fr ® A([0,T]).

Thus, X is progressively measurable if and only if the map (w,t) » X;(w) is measurable on
(2% [0,00),2). (This will become important when defining stochastic integrals in Section [9])
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Note that a progressively measurable process is both adapted and measurable. Theorem [5.16]
gives a converse statement, but one has to possibly pass to a different modification. We also
discuss other criteria for progressive measurability in Section [5.3.3] In particular, we will see in
a couple of different ways that Brownian motion has a progressively measurable modification.

5.3.2 Stopped processes in continuous time

We are now ready to define the stopped process properly.

Definition 5.11. Let 7 be a stopping time, and let X be a progressively measurable
process. Then, we set

XT(O.)) = ]J{T(w) < OO}XT(W) (w) (56)

We also define the stopped process as X7 := (Xiar)t20-

We need to check that the stopped process is actually a stochastic process.

Lemma 5.12. Let T be a stopping time, and let X be a progressively measurable process.
Then, X, defined in (5.6)) is a random variable measurable with respect to

Fri={AeFu|An{r<tieF foralt>0} c 7, (5.7)

where Feo = a(tUOft).
>

The sigma-algebra F, represents information available up to the random time 7.

Exercise 5.13. Consider a stopping time 7 with respect to a filtration F,.
1. Check that F; defined in is a sigma-algebra.
2. Show that 7 is Fr-measurable.
3. Fix s> 0. Show that events {7 > s}, {7 < s}, and {7 = s} belong to Fr.

4. Let o be a stopping time w.r.t. Fo. Show that the events {r > o}, {7 <o}, and {7 = o} belong to F-.

Proof. The idea is to truncate the stopping time 7 by some finite time ¢ > 0 and then take ¢t - oo.

Step 0. Since X is progressively measurable, the map (w, s) » X (w) is a (Borel-)measurable
map from (Q x [0,t], F; ® B([0,t])) to (R, B(R)) for each fixed time t € [0, ).

Step 1. Consider first the restriction of the map w — X;(w) to the event {7 < t}, which is
Fi-measurable because 7 is a stopping time. This map is a composition of the following maps:

[r<t) - Qx[0,t] - R,
N ——
e Ft

w (waT(w) /\t) e XT(w)/\t(w)'
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> The first map is measurable because 7 At € mF;. Indeed, since 7 is a stopping time, we have

{rat<st =({r<tin{r<s})u({t<rin{r<s}) eF for all 0 < s <t.

N—— N—— N—— N——
e Fy eFscF ={r<t}c eFscF
e Fi

As the sets {[0,s] | 0 < s <t} generate the sigma-algebra Z([0,t]), this implies 7 At € mF;.

> The second map is measurable from (€ x [0,t],F; ® £([0,t])) to (R, B(R)) by Step 0.

Step 2. We then take ¢ - oo to deduce that {X, € A} € F; for all A e B(R). Indeed, we have

{X;eAbn{r<t) =5 {X,eA},
————
6.7:15 € Foo

which shows that {X, € A} € F,. This also implies that X, € .%, so it is a random variable. [

Corollary 5.14. Let 7 a stopping time, and let X be a progressively measurable process.
Then, the stopped process X7 := (Xiar )0 08 also a progressively measurable process.

Proof. This follows from the proof of Lemma We leave the details as an exercise. O

Exercise 5.15. Prove Corollary [5.14]

5.3.3 Criteria for progressive measurability (x)

Note that a progressively measurable process is both adapted and measurable. The next result
gives a converse statement, but one has to possibly pass to a different modification.

Theorem 5.16. Fvery measurable adapted process on (2,7, F.,P) has a progressively
measurable modification.

Proof. For an elementary but complicated proof, see [OS13]. See also references therein. O

Exercise 5.17. Find an example of a process which is measurable and adapted, but not progressively measurable.
Construct a progressively measurable modification for it.

Corollary 5.18. Brownian motion has a progressively measurable modification.

Proof. This follows by constructing an adapted and measurable modification of Brownian mo-
tion. One construction is by Lévy’s construction of Brownian motion [MP10, Theorem 1.3]. [
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There is, in fact, a much easier way to deduce that Brownian motion has a progressively
measurable modification. Indeed, we will next show that continuity of sample paths implies
progressive measurability. This would be, of course, a direct consequence of Theorem (as
continuous functions are measurable), but proving it directly is very elementary. This result holds
for processes taking values in metric spaces — for ease, we consider it for real-valued processes.

Proposition 5.19. Consider an adapted stochastic process X = (X¢)s0 on a filtered
probability space (2, F,Fo,P). Suppose that for every w € Q, the sample path t -~ X (w)
1s right-continuous. Then, X s progressively measurable.

We leave it as an exercise to check the following modifications of the above result.

> The same conclusion also holds after replacing right-continuous by left-continuous.

> If the process X has almost surely (a.s.) right-continuous sample paths, and the filtration
Fo is complete (e.g., satisfies the usual conditions), then the same conclusion also holds.

Proof. Fix t > 0. We need to show that (w,s) = Xs(w) is a measurable map
(Qx[0,t], 7 ® #([0,t])) — (R, Z(R)).
For n e N and s € [0,¢], define a random variable

n

() {th/n7 when s € [F-10 BL) with ke {1,2,...,n)

Then, since the sample paths of X are right-continuous, we have
lim X (w) = X,(w)
n—o0

for every w € Q and s € [0,t]. Also, for each A € B(R), we have

{(w,5) e Qx[0,¢] | X (w) e A}

n

- ({XteA}x{t})UH({th/neA}x[@,%)) ¢ Fi® B([0,1]).
eFt ) € Frtnc Fi

Thus, for each n € N, the map (w, s) — Xs(n)(w) is a measurable map
(@x[0,t], Fre 2([0,t])) — (R, B(R)).

Since X (w) is a pointwise limit of these measurable maps, it is also measurable. ]

Corollary 5.20. Brownian motion has a progressively measurable modification with re-
spect to any of the natural filtrations F, Fe, and FB.

Proof. The Wiener process W in Definition [1.30] is a modification of Brownian motion that
satisfies the assumptions in Proposition [5.19) Hence, the claim follows immediately. O
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We call a process X which has a.s. continuous sample paths, i.e.,
P[{weQ|t X;(w) is continuous}] =1,

briefly a continuous process. As we work with processes up to indistinguishability and assume
that the filtration F, satisfies the usual conditions, we omit “almost surely (a.s.).”

Corollary 5.21. Let (Q,.7%,F.,P) be a filtered probability space satisfying the usual con-
ditions. Let T a stopping time, and consider an adapted continuous process X = (X;)s0-
Then, the stopped process X7 := (Xiar )0 @5 also an adapted continuous process.

Proof. By Proposition the process X is progressively measurable, so by Corollary [5.14], the
process X7 is well-defined and adapted. The continuity of X7 is clear from its definition. ]

One could relax the continuity assumption to the requirement that X has a.s. cadlag sample
paths (X is a cadlag process). In that case, the stopped process X7 is cadlag as well.
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6 Brownian motion as a Markov process

After the background knowledge from Sections we are ready to begin to consider basic
properties of Brownian motion as a continuous-time process.

6.1 Markov and martingale property for Brownian motion

We shall mainly work with the natural right-continuous augmented filtration of Brownian motion,

~7:o+ = (Ft+)t207 ’FtJr = m ta+a’ 120, (6-1)

e>0

where F2 := o(FP u.¥) is the augmented filtration obtained from Brownian motion’s natural
filtration FP := 0({B, |0 < s <t}). Keeping mind readers interested in these nuances, we shall
indicate the various filtrations with the different notations FZ c F& c FF. However, it is safe
and convenient to always work with F; (which satisfies the usual conditions, cf. Definition .

The Markov Property of Brownian motion shows that for predicting what happens in the
future, any past information besides the current state is irrelevant.

Proposition 6.1. (Markov Property) Let B be a (standard) Brownian motion. For
any s > 0, the process (Bi+s — Bs)ts0 is also a (standard) Brownian motion, which is
independent of (By)ie[o,s] and of the sigma-algebras FJ, F¢, and FE.

s

Exercise 6.2. Prove Proposition for the natural filtration FZ.

We prove Proposition for the natural right-continuous augmented filtration F, (which is
its strongest one, since FZ c F2 c F) slightly later.

Corollary 6.3. (Martingale property) Let B be a (standard) Brownian motion. It has
the martingale property (MG3)) for any of the filtrations Ft, F&, and FP: almost surely,

E[M|F;] =M, for every 0 < s < t, (MG3))

with « € {+,a, B}.

Proof. Because F2 c F& c Fi, basic properties of conditional expected value from Lemma
guarantee that it suffices to prove the martingale property (MG3|) for the largest filtration F;:

E[B;|Ff]=B,, 0<s<t. (6.2)

Indeed, assuming (6.2), since .7-"53 c F7, the Tower Property (item {4f of Lemma gives

E[B;|FP1=E[E[B:| F;]| FF] [by item [ of Lemma [2.8]
=E([B,|F7] by (6.2)]
= By, [by item (1] of Lemma
and similarly for F¢ ¢ . The derivation of (6.2)) is item [1] of Exercise O
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Exercise 6.4. (Martingales from Brownian motion) Let B be a standard Brownian motion.

1. Show that the following processes are martingales w.r.t. F; (see Definition in Section @:
(Bt)t=0, (Bf = t)iz0.
Hint: You can use the Markov Property of Brownian motion (Proposition.
2. Fix a constant o € R and suppose that £ ~ N(0,1) is a standard Gaussian random variable. Calculate E [e*¢].
3. Fix a constant a € R. Find a constant « € R such that the following process is a martingale w.r.t. FJ:
(exp(aB: + 'yt))tzo.

Hint: You can use the Markov Property of Brownian motion (Proposition|6.1)).

Proof of Proposition [6-1] Fix s> 0. Item [3| of Lemma shows that the process B = (Et)tzg
defined by B := Biys — Bs is a standard Brownian motion. It thus remains to prove that B
is independent of (Bt)[o,s] and of the sigma-algebras F, fg, and FB. Since (Bt)tefo,s] 18
FB-measurable and FB c F2 c F¥, it suffices to prove that B is independent of FF. This can

be done by showing that its FDDs are independent of F. in the sense detailed in Exercise

S
To this end, we fix times 0 < ¢; <ty <--- <, and a bounded continuous function g: R" - R,
and to finish the proof, we aim to prove the following factorization property:

E[V4 g(By,, Bty,.... Bi,)| =P[AE[g(By,, Bt,,..., By,)]  forall Ae F. (6.3)

Note that if we would consider FZ or F¢ instead of F., because B has independent increments
by its defining property we would be done (augmenting the filtration by negligible sets
does not alter independence properties).

To upgrade the independence to F;, we can use a limiting argument and the right-continuity
of Ff. For this, fix € > 0. Then (writing B(t) = B; to ease notation), we already know that

E[14g(B(ti+s+¢€)-B(s+e€),...,B(ty+s+e) - B(s+¢))]
indep. of F¢, . indep. of FZ, . (64)
=P[A]E[g(B(ti+s+e)-B(s+¢),...,B(t, +s+¢) - B(s+¢))],

because A € FZ,. (by definition of the right-continuous filtration F, ). Then, we take ¢ — 0 and

use Bounded Convergence Theorem (BCT) [Kyt20, Corollary VII.21]:

E[14g(B(t), .., B(tn))]
= IE[]JA g(B(t1+s)-B(8),...,B(tn +$) —B(s))]

=E[14 lim g(B(t1+s+¢e) = B(s+e),..., Bta+5+€) - B(s+ e))] [by continuity]
= lim E[1a g(B(t1+s+¢c) - B(s+e¢),...,B(t, +s+¢) - B(s +¢))] [by BCT]
P[A] lim E[g(B(ti+s+¢g) - B(s+¢),...,B(ta +s+e) - B(s+¢))|  |by (6-4)]
P[A]E [hm g(B(ti+s+e)-B(s+¢),...,B(tn+s+e) - B(s+¢e))] [by BCT]
P[A]E[g(B(t1 +5s) - B(s),...,B(t, +s) - B(s))] [by continuity]
P[A]E [g(B(tl),---vB(tn))],
which is the sought identity (6.3). This finishes the proof of of Proposition O
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Exercise 6.5. Consider a continuous-time real-valued stochastic process X = (X¢):>0 on a probability space
(Q,#,P). Let 4 c .# be a sub-sigma-algebra. Prove that the following are equivalent.

1. For all 0 <t <ty <+ < tp, for all bounded continuous functions g : R” — R, for all n € N, and for all Ae ¥,
we have

]E[IIA g(Xt17Xt27"'7th)] =]P)[A]E[g(th,XtQ,...7th)]-

2. X is independent of ¥.

6.2 Applications of the Markov Property

A useful consequence of the Markov Property is that germ sigma-algebra

Fo = F

e>0

is trivial. This is known as Blumenthal’s 0-1 law.

Proposition 6.6. (Blumenthal’s 0-1 law) Let B be a (standard) Brownian motion. Then,
the germ sigma-algebra F is trivial: for any A € Fy, we have P[A] € {0,1}.

Proof. Consider A € ;. We will show that A is independent of itself, which implies that
P[A]=P[AnA] = (P[A])? —  P[A]<{0,1}.

Note that by the Markov Property (Proposition [6.1]), the process B — and hence its natural
sigma-algebra F2 := a( U0 .EB ) — is independent of Fj. Since adding negligible sets does not
alter independence properties, also F& = o(FZ u.#") is independent of F¢. However,

Foo= NF < o(UF) = 7o,

e>0 t>0

which shows that F; — and hence A € Fj — is independent of itself. O

Exercise 6.7. Using the time-inversion symmetry from Item E| of Lemma prove that the tail sigma-algebra

T = No({Ba]s21})

t>0

is trivial: for any A€ T, we have P[A] € {0,1}.

As another interesting consequence, we see that Brownian motion oscillates infinitely often
in any time interval, in the following precise sense.

Proposition 6.8. Let B be a (standard) Brownian motion. Then, almost surely, we have

sup Bs > 0 and inf B, <0 for all € > 0. (6.5)
s€(0,e] s€(0,¢]

In particular, B has almost surely a zero on every interval:

P [ for all € > 0, there exists ¢ € (0,¢] such that B = 0] = 1 (6.6)
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Proof. Consider a sequence s, - 0 as n - co. Consider the event that B, > 0 infinitely often:
{limsup{Bsn > 0}} = M U{Bs, >0} ¢ F.
sn—0 n=1k=n
The reverse Fatou’s lemma [A T8 shows that
1
]P’[{limsup {Bs, > O}}] > limsup P[Bs, >0] > =,
sn—0 =0 —— 2
=1/2
where P[B,, >0]=1/2, as B,, ~ N(0, s,,). Blumenthal’s 0-1 law (Proposition then implies
P [{hrsl:il(l)p {Bs, > 0}}] = 1.

Thus, almost surely, By, > 0 for infinitely many s,, — 0, which shows the left-hand side of ([6.5]).
The case of the infimum (the right-hand side of (6.5])) is completely symmetric.

Lastly, since B is almost surely continuous, the mean value theorem implies . O

Corollary 6.9. Almost surely, the zeros of B on [0,00) accumulate to 0.

Proof. Indeed, otherwise there would exist with a positive probability an interval (0,¢] contain-
ing no zeros, which contradicts Proposition O

Remark 6.10. With some further topological work, one can in fact show that the set of zeros
of B on any interval is uncountable. In fact,

Z:={te[0,1]| B, =0}
has the following properties almost surely:
> it is uncountable [MP10, Theorem 2.28 and Exercise 2.9|;
> it has Lebesgue measure zero [MP10, Theorem 4.24];
> it has Hausdorff dimension equal to 1/2 [MP10, Theorem 4.24];

> it has no isolated points [MP10, Theorem 2.28|;

Corollary 6.11. Almost surely, we have

sup Bs = +oo and inf By = —o0.
s>0 s>0

Proof sketch. Using the scaling property of Brownian motion (see property of Lemmal|l.13)), we
see that the supremum process (see [LeG16, Proposition 2.14] for details why it is measurable)

Sy = sup By
s€[0,¢]
satisfies
1
o @ (5. forall A>0.
Hence, So, € {0,400} almost surely. Since we already know from Proposition that Seo > 0
almost surely, we see that Se = +00. The case of the infimum is completely symmetric. O
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6.3 Strong Markov Property for Brownian motion

The strong Markov Property is an enhanced version of Proposition [6.1} where instead of a fized
time s, we take a stopping time (recall Definition [5.3). To discuss the Strong Markov Property
rigorously, we will use the background knowledge from Section [5.3]

Proposition 6.12. (Strong Markov Property) Let B be a (standard) Brownian motion
and T an almost surely finite stopping time with respect to F}. Define

Et = Byyr — B'm t> 07

on the event {T < oo} and By =0 on the event {T = 0o}. Then, the process (By)so is also
a (standard) Brownian motion, which is independent of the sigma-algebra F .

Remark 6.13. A similar conclusion also holds if we assume that P[7 < 0] > 0 (not necessarily
P[7 < 00] =1), under the conditional probability measure P[-]:=P[-|7 < oo] > 0, by defining

t>0.

B . {Bt+7 — B;, on the event {7 < o0},
=

0, on the event {7 = o0},
See |[LeG16, Theorem 2.20| for more details.
Proof of Proposition[6.19. We need to show two claims for the process B= (Et)tzoi
> Claim 1. B is a (standard) Brownian motion.
> Claim 2. B is independent of the sigma-algebra Fr.

We shall aim to prove Claim 2, and then Claim 1 will follow as a by-product. As in the proof of
Proposition , we will show that the FDDs of B are independent of F in the sense detailed in
Exercise [6.5] To this end, we fix times 0 < ¢; < t2 < -+ < t,, and a bounded continuous function
g: R™ - R. We aim to prove the following factorization property:

E[]JA g(gtl,EtQ, .. '7§tm)] = P[A] E[g(gtl,gtz, e 7§tm)] for all Ae .7:: (67)

Step 0. By assumption, we have P[7 < c0o] =0 and P[7 = 00] = 0. As F, contains all negligible
sets (5.1]), we may consider events intersected with {7 < oo} and retain measurability:

En{r=00} € Fy for all £ c Q, (6.8)
which also implies that (2N (En {7 =00})) € Fy and thus,

En{r<oo}=En(Q~N(En{r=0})) € F for all E € F;. (6.9)

e FocF:

Therefore, we may replace A € F with A:= An{r < oo} € F* in (6.7) — note that P[A] = P[A].

Step 1. We apply an approximation argument for the stopping time 7 (see also Exercise|6.14)).
Define 7, as the smallest number of the form k27", with some k € Ny, such that T < 7,:

Ty = 2_n(L2nTJ+1), n € N,
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where |z | denotes the largest integer less or equal to x. Then, each 7, is a stopping time and
we havﬂ Tn 4 T as n 1 oo almost surely. Similarly as in the proof of Proposition we obtain

[ A9 B(tl) (tm))]
[Ag B(t1+7') B(1),. B(tm+7')—B(7'))]

=K []JA nh_)r{)lo g(B(t1 + 1) - B(Tn), coys Bt + ) — B(Tn))] [by continuity]
= lim E[1;g(B(t1+7) = B(mn), ., B(tm + 1) - B(ma)) ] [by DCT] (6.10)

where we also used the Dominated Convergence Theorem (DCT) [Kyt20, Theorem VII.19].

Step 2. Next, we are going apply the simple Markov Property from Proposition To this
end, we first need to replace 7, by a finite deterministic time. Since 7, takes countably many
values, and we have A := An{7 < oo} € F, we can simply consider the different values separately:

1, - ;y{fm (70 = k2

> One the one hand, by definition (5.7) we have
An{m=k2™} =An{(k-1)2" <7, <k27"}
= (An{Tnng"}) \ (Aﬂ{TnS (k-1)27"}) € Fiign.

+ + +
€ Fpan E}—(k 1)2-m cFyan

> On the other hand, Proposition shows that for any fixed j € {1,2,...,m} and k € Ny,
B(tj+k2™)-B(k2™") = @ B(t;) is independent of  Fjlo-n.
Now, (e.g., using Fubini’s theorem [A.19) we see that (6.10) equals

lim Z]P’ [An{r, =k2"}] E[g(B(t1 +k27") = B(k2™"),..., B(tm +k27") - B(k27"))]

n—oo

- D Bty) D B(tm)
= P[A]

=P[A] lim E[g(B(t1),..., B(tm))]
=P[A]E[g(B(t1),...,B(tm))].

This shows that

E[V4 g(B(t1), B(t2),....B(tm))] =P[AE[g(B(t1),...,B(tn))]  forall Ae F/. (6.11)
Step 3. We can now prove Claim 1 (that B is Brownian motion). Taking A = Q in (6.11)) yields

E[g(B(t:), B(t2), ..., B(tm))] = E[9(B(t1), ..., B(tm))]- (6.12)

Because the test function g : R™ — R is arbitrary, this implies by Exercise that B and B
have the same FDDs. Therefore, as the sample paths B are almost surely continuous, we may
conclude that B is a Brownian motion.

13 . .
Here, the notation 7, | 7 means that 7,41 < 7, for all nN and lim 7, = 7.
n—oo
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Step 4. To complete the proof of Claim 2 (that B is independent of F7), it remains to observe
that (6.12]) shows in particular that

E[1a g(B(t1), B(ta), ... B(tn))] = PIATE[g(B(t1), .., B(tn))] by (61T)]
=P|:A]]E[g(§(t1)7§(t2)v7§(tm))] [by ]

for all A e F, which proves the sought factorization property (6.7)). O

Exercise 6.14. Let Fq = (Ft)t>0 be a filtration and 7 an a.s. finite stopping time w.r.t. Fo. Define
Tn = 2’"([2"TJ+1), n € Np,
where |z| denotes the largest integer less or equal to x.
1. Show that 7, is a stopping time w.r.t. F,.

2. Show thaﬂ almost surely, 7, | 7 as n 1 oco.

a . .
Here, the notation 7, | 7 means that 7,41 <7, for all neN and lim 7, = 7.
n—oo

Exercise 6.15. Let p and v be two finite Borel measures on (R™, Z(R™)). Suppose that

./R gdp = flR gdv for all bounded continuous functions g : R" — R. ()

Prove that pu=v.

Hint: Recall Dynkin’s Identification Theorem and the fact that B(R™) is generated by a pi-system comprising
the closed subsets. Note also that an approzimation argument (using monotone convergence) shows that @ implies
u[A] =v[A] for all closed subsets A c R™. These facts yield the assertion.

6.4 Reflection principle for Brownian motion
Using the Strong Markov Property (Proposition |6.12]), we find the law of the maximum process

Sy = sup B, t>0. (6.13)
s€[0,¢]

Recall that from the simple Markov Property (Proposition , we already derived that almost
surely, S; > 0 for any ¢ > 0, and that S = +o0.

Proposition 6.16. (Reflection principle) Let B be a (standard) Brownian motion and S
its maximum process (6.13)). Fix a>0, b<a, and T >0. Then, we have

M

1 ()
P[Sr>a and By <b] = P[Br>2a-b] = —f exp (- %) ds. (6.14)
V2 J 2t

Proof. The idea to derive the probability is to reflect the Brownian path after it hits level a. For
this purpose, we define the stopping time (recall Lemma with respect to the filtration F:

T, =inf{t >0| B; = a}.
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2a-b -

a

= N

)

Br

From Corollary we see that 7, < oo almost surely (see [LeG16l Proposition 2.14] for

details). Moreover, note that

{14 <T}={Sr >a} and P[B,, =a]=1.

Now, we consider the processes B and B defined as Et = Byyr, — By, = Biyr, —a for t > 0,

appearing in the Strong Markov Property (Proposition [6.12)) with 7 = 7,. Note that
Br_s, =Br-a,
and recall from the Strong Markov Property that B is independent of F . Thus, we obtain

P[Sr>a and By <b] = P[7,<T and By <b] = P[7,<T and By -a <b-a]
P[7, <T and ET_Taéb—a].

Now, note that by symmetry (item [I{in Lemma [1.13]), we have

(7a, B) @ (Ta,~-B), == P[r,<T and By_,, <b-a] = P[7,<T and By_,, >a-b].

Therefore, we conclude that

P[Sr>a and Br<b] = P[r,<T and Br_;, >a-b]

—
= Br—-a
= P[7, <T and Br > 2a - b]
——
2a
= P[Br >2a-b]. [since {Br >2a-b} c {1, <T}]
The asserted formula for P[Brp > 2a - b] follows using the Gaussian distribution (A.3). O
We can now explicitly write down the law of S.
Corollary 6.17. For the maximum process (6.13), we have
IP’[STZa]:\/gfa exp(—%)ds, t>0,a>0.
VT
Proof. We obtain the asserted formula by using the observation
P[Sr>a] = P[Sr>a and By >a] + P[Sr>a and By <a] = 2P[Br > al,
P[Br > 2a-a = a]
and the Gaussian distribution (A.3)) for the right-hand side. O
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Exercise 6.18. Consider standard Brownian motion B. For each y € R, let 7, := inf{t > 0 | By = y}, and WritEEl
h(y,t) :=P[1y >t]. Also, let T~ :=sup{t <1| By = 0} be the last time when B visits zero before time one.

1. Show that 7y is a stopping time.
2. Is T~ a stopping time?

3. Use the Markov Property (at time u) to show that for each u € [0,1],

PIT” <ul= [ pu(0.9) h(y,1-w)dy,

where p is the Gaussian density

1 z-y)?
pt(m7y):pt(x_y):\/%exp(_( 2t) )7 m7y76R'

Hint: You may use the reflection principle (Proposition [6.16)).

aYou do not need to calculate h(y;t) explicitly in this problem.

Exercise 6.19. (Wald’s lemma) Consider standard Brownian motion B. Let 7 be any stopping time such that
E[7] < oo and E[74] < ooEl Define an increasing sequence (7n )nen of stopping times recursively by

TLi=T and =7 b1y forn>2,

where 7(") is the same function as 7 but associated to Brownian motion (B(")(t))¢s0 defined via the Strong
Markov Property at time 7,—1 as

BM(t) = B(t +Tp-1) - B(Tn-1).
1. Prove the Law of Large Numbers for Brownian motion: almost surely, we have

lim@:

tooo

0.
Hint: Recall the time-inversion symmetry from item of Lemmam
2. Show that, almost surely, we have

. B(m)
lim ——= =

n—oo n

0.

Hint: Use the Law of Large Numbers (Theorem|A.27) on the one hand for usual i.i.d sequences and on the
other hand for B.

3. Show that E[B(7)] < oco. Hint: You can use, e.g., the Second Borel-Cantelli Lemma Recall also that
E[&]]= fo" P[€>t]dt for a non-negative random variable &.

4. Show that, almost surely, we have

lim

n—o00

B g s

5. Conclude that E[B(7)] =0.

“In fact, since the general Kolmogorov’s Law of Large Numbers for i.i.d. random variables holds without the assumption
]E[-r4] < oo, we could just assume E[7] < oo here.
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7 Continuous continuous-time martingales

In this section, we summarize some important properties of continuous-time martingales, which
will be needed in Sections BH0l Many of them are analogous to the discrete-time case. The
measurability issues arising from the fact that the index set [0, c0) is uncountable we can over-
come, for instance, by assuming continuity of the sample paths. Throughout, we will consider a
filtered probability space (2, %, F.,P) satisfying the usual conditions (Definition |5.6]).

Definition 7.1. (Martingale) Stochastic process M = (M;);s0 on a filtered probability
space (2, #,F.,P) is called a martingale if

MGI1. (it is adapted to F,): for every ¢ >0, the random variable M; is F;-measurable;
MG2. (it is integrable): for every ¢ > 0, the random variable M; € L!(PP) is integrable;

MG3. (it has the martingale property): almost surely, we have

E[ M| Fs] = Ms for every 0 < s < t. (IMG3|)

If instead E[M;|Fs] < Mg or E[M;|Fs] > M, in property M is said to be a
supermartingale or a submartingale, respectively.

The set of all continuous martingales on (2, %, Fo,P) is denoted as

M, = {M = (M¢)es0 ‘ M is a martingale and t » M;(w) is almost surely continuous}.

Exercise 7.2. Show that M. is a real vector space.

7.1 Optional Stopping Theorems

The assumption that M is continuous is used to guarantee that M is progressively measurable.
Then, the stopped process is also well-defined, continuous, and adapted (cf. Corollary |5.21)).

Theorem 7.3. (Optional Stopping Theorem — Stopping Time Characterization of mgles)
Consider a filtered probability space (2, F,Fe,P) satisfying the usual conditions.

Let M = (My)sso be a continuous process satisfying properties (adapted to F)
and (integrable). Then, the following are equivalent:

1. M is a martingale: M € M..
2. For any two bounded stopping times o and T, we have E[ M, |F,] = Mrs a.s.
3. For any bounded stopping time 7, we have E[M.] = M.

4. For any bounded stopping time 7, the process M7 := (Myar )0 is a martingale.

Proof sketch. We use approximation arguments and the discrete-time results from Section [3.4]
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= [2) For any two bounded stopping times o, < C, define 7;,, and o, as in Exercise
T =27 (2" 7] + 1) and on=2""([2"0] + 1), n € Np,

so that 7, | 7 and o, | 0 as n 1 oo almost surely. For any fixed n € N, the process
(Mpya-n)ken, 1s a discrete-time martingale and 7,, and o,, are stopping times with respect
to the discrete-time filtration (Fga-n)ken,. Hence, from Lemma we obtain

E[M;, | Fo,] = M 1o, almost surely for all n € Ny.

Similarly, since 7,0 < C, we have 7,,0, < 2’”([2” C|+ 1) = C, < Cp, and thus,
Lemma [3.26] also shows that

M- :E[MCo|-7:Tn]v Man:E[MCO|‘FO'n]7 and MTn/\Un:E[MCo|}—TnAan]

n

almost surely for all n € Ny, and Lemma then implies that the collections (M7, )nen,
and (M, )nen, and (Mr, a0, Jnen, are Uniformly Integrable. By continuity, we have

M, — M, — M, M,  and M, rs = Mrro

almost surely as n — oo, and by the uniform integrability, Proposition [£.12] and Ex-
ercise the convergence also holds in L'. In particular, all M,, M,, and My,
are integrable — so M, satisfies property [CE]] of the conditional expected value in
Definition [2.1, We leave it as an exercise to verify the measurability property
for M;ns. To verify property [CE3] note that if A € F, c Fy,, then by property [CE3]
applied in the discrete case, we have

E[M: o, Ja]l =E[E[M., |Fs, |Va] =E[M, V4] almost surely for all n € Ny.
By the convergence in L!, taking n — oo we obtain
E[Mrpolla] = E[M:14],
which shows by property that E[M;|F,] = M;r, almost surely.
= |3|) This follows from the above by taking ¢ = 0.
= |4)) This is proved, e.g., in [LeG16l Corollary 3.24].
= |1|) This is very similar as Proposition and we leave its details as an exercise. O

In most applications, the stopping times of interest are not bounded. Thus, it is desirable
to have a stronger version of Optional Stopping. Analogously to the discrete case, uniform
integrability (UI, Definition [4.7)) is a useful condition to guarantee sufficient control of M.

Definition 7.4. Stochastic process X = (X¢)»0 is Uniformly Integrable (UI) if

lim sup E[|Xt| I{| X¢| > R}] = 0.
>0

R—)OO t_

Recall also the various conditions for UI from Exercises [4.8H4.11]

The continuous-time analogue of the Martingale Reconstruction Theorem is the follow-
ing result, that is usually referred to as the “Optional Stopping Theorem for UI martingales.”
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Theorem 7.5. (Optional Stopping and Martingale Convergence Theorem for UI mgles)
Consider a filtered probability space (2, F,Fe,P) satisfying the usual conditions.

Let M € M. be a continuous Uniformly Integrable (UI) martingale. Then, there exists a
random variable My, € L*(IP) such that

> we have lim M; = My almost surely;

t—o0

Lt .
> we have My — My, that is,

lim E[| M; - M ] = 0.

Moreover, in this case, if o and T are two stopping times such that P[o < 7] =1, then
E[M;|F,] =M, almost surely. (OST)
In particular, for any stopping time T, we have

E[M,]=My and E[My|F.]=M,

Note that (OST)) in particular shows the Martingale Reconstruction Property
M, =E[My|F], t>0.

Proof. [LeG16l Theorems 3.19 and 3.21| shows the convergence via a similar argument as in the
discrete case, based on controlling upcrossings. [LeG16, Theorem 3.22] shows (OST)). O

There is also a version of Theorem for uniformly L?-bounded continuous martingales,
which we discuss in the next Section [[.2.1]

7.2 The space of uniformly L?-bounded continuous martingales

The set of all uniformly L?-bounded continuous martingales on (Q,.7, F,,P) is denoted as

Mz = {M = (My)es0 € M, | M is uniformly L?-bounded: sup E [Mf] < oo}.
20

> We will by convention identify elements of M2 up to indistinguishability (cf. Definition 1.20)).
> M?2 is a vector subspace of the space M, of all continuous martingales (cf. Exercises &.

> Crucially, we will prove in Theorems [7.16|& [7.17|that M? is also a Hilbert space, analogously
to L?(P) (recall Section especially Theorem [2.20). The completeness of M? will be a
key tool for the construction of stochastic integrals in Sections

Exercise 7.6. Show that M?2 is a real vector space.

Remark 7.7. Note that the property

sup E[M?] < oo (7.1)
t20
of being uniformly L?-bounded is stronger than square-integrability: a process X = (X;)o0
is called square-integrable if E[X?] < oo for all ¢ > 0. For instance, Brownian motion B is
square-integrable, because E [B2] =t < oo for all ¢ > 0, but it is not uniformly L2-bounded, since
E[B?] =t - oo ast — co. Moreover, we know from Corollary that B; has no limit as ¢ — oo.
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7.2.1 Optional Stopping and Martingale Convergence Theorem in M?

Theorem 7.8. (Optional Stopping and Martingale Convergence Theorem for L? mgles)
Consider a filtered probability space (2, F,Fe,P) satisfying the usual conditions.

Let M € M2. Then, there exists a random variable My, € L?(P) such that
> we have tlim My = Mo almost surely;
2
> we have M; e Mo, that is,

lim E{| M; - Mo ] = 0;
> we have

1/2
%(E[supME]) < || Moo |lr2 < supl|| M||pz < oo. (7.2)
20 20

Moreover, in this case, if o and T are two stopping times such that P[o < 7] =1, then
E[M;|F,] = M, almost surely. (OST)
In particular, for any stopping time T, we have

E[M,]=My and E[My|F.]=M, (7.3)

Proof. Recall from Exercise that a uniformly L?(P)-bounded martingale is UI. Hence, it
readily follows from Theorem that M; converges to Mo, almost surely and in L!'(PP), and
that and hold for the limit. It remains to verify that the convergence My — M, as
t — oo also takes place in L?(P) and that the inequalities hold for the limit. For this, we use
a continuous-time analogue of Doob’s L?-mazimal inequality, stated below in Proposition
(it can be derived from the corresponding Proposition & Corollary via discretization).

> Note first that since M € M2, using the triangle inequality we find that for any 7 > 0,

E[| My - Mo 2] < E[(2sup| My ])°] = 4E[sup M?],
t>0 t>0

and by Doob’s L?-maximal inequality (7.8)), we have

E[sup M?| < 4supE[M?] < oo,
t>0 520

which implies that M — M, € M§ Moreover, applying Doob’s L?-maximal inequality (7.8
to the continuous martingale ¢t — M; — M, we obtain

E[sup| M, - Muo '] < 4 sup E[| My - Muo|?] < oo,
t>0 T>0

so the Dominated Convergence Theorem (DCT) [Kyt20, Theorem VII.19] gives

lim B[| M, - Moo [?] = E[ lim | M, - Mo [2] = 0
S§—>00 §—>00

=0

L2
by the almost sure convergence My - Mos,. This shows that M; — M.
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> The second inequality in (7.2)) follows from the L2-convergence: we have

[ Moo |2 = lim [[Mr|[r2 < supl| Mel|z:.
T—oc0 t>0

> Lastly, the first inequality in (7.2)) follows from the L?-convergence together with Doob’s
L?-maximal inequality (7.7)) in Proposition [7.14

L2
E[ sup M?| < 4[| Mr[f. = 4] M|}z < oo,
0<t<T

so again, Dominated Convergence Theorem [Kyt20, Theorem VII.19] shows that
E[sup M?| < 4] M|l
>0
and the first inequality in ([7.2]) follows by taking square root. O

7.2.2 M? as a normed vector space

To study the space M?, we will use the L?-Martingale Convergence Theorem throughout:

c
any M e M? converges in the long run to a random variable M, € L?(P) (a.s. and in L?):

IP’[lith:Moo]:l and M, 5 M.

t—o00

In particular, to each M ¢ Mg we will always associate its final value M.

Lemma 7.9. The space M? has the following equivalent norms: for M € M2,

1/2
1M ||z = (B[M2])"? = | Meo || 2,

oo

1/2
118 s = (B[ (sup | 341)°]) ™ = | sup] 2 .

In particular, we have

1M a2 < MM (llsup < 21 M [| pg2- (7.4)

For the proof of this result, we use continuous-time analogues of Doob’s mazimal inequalities
(check out Section |4.4)). We state the relevant inequalities in Proposition and Proposi-
tion below (their proofs are left as exercises for a motivated reader).

Remark 7.10. Recall that elements in M? are identified up to indistinguishability (cf. Defini-
tion |1.20). The Martingale Reconstruction Property ((7.3) from Theorem (or alternatively,
Lemma [7.9) shows that this is equivalent to defining ./\/lg as the quotient space up to the equiv-

alence relation induced by identifying elements with the same value of the norm || - || y2:
M=0eM? — | M || g2 =0
— E[M2]=0
— My =0 P-a.s.
— P[M; =0 for all t >0] =1.
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Proof of Lemma[7.9. 1t is straightforward to check that || - ||xs2 and ||| - ||lsup are norms on MZ.
We obtain the right-hand side of the claimed (7.4]) from (7.2)) in Theorem

M1, = B[ (sup| )] = B[ sup 247]

t>0
< 4| Moo lf72 = 411 M [} by (7-2)]

To derive the left-hand side of (7.4)), note that the L?-convergence in Theorem gives

M |y = [l Moo |2

< sup|[Mylz2 = sup\/E[MF] by (72)]
1/2

= (supIE [Mf]) [since = + \/z is increasing on [0, c0)]

20

2 1/2 2 2 2

< (E|(sup| M, as My < sup M; = (sup|M, forall T >0

(= Cpt221)']) [2s 87 < sup 227 = (supl 24 ]
= ([ M [llsup,
which gives the left-hand side of the claimed ((7.4) and concludes the proof. O

The next exercise is a sanity check that ensures that the middle quantity in Doob’s maximal
inequality ([7.5)) in Proposition is well-defined.

Exercise 7.11. Prove that, for a continuous martingale or a non-negative continuous submartingale M on a
filtered probability space (€2,.7, F.,P) satisfying the usual conditions, the set

{weQ| sup |Mt(w)\z>\}, T>0, A>0,
0<t<T

is an event, that is, it belongs to the sigma-algebra .#. Hint: Use a countable dense subset of [0,T].

Proposition 7.12. (Doob’s maximal inequality) Let M be a continuous martingale or a
non-negative continuous submartingale. Then, we have

]P’[ sup |Mt|2)\] < %E[|MT|]J{ sup |Mt|2)\}]
0<t<T 0<t<T (7.5)
< 31E[Mr]], T>0,A>0.
Moreover, we have
P[sup|Mt|2/\] < %supEHMTH, A > 0. (7.6)
20 T30

Exercise 7.13. Prove Proposition [T.12] Hint:

> Discretize time, use Doob’s discrete-time mazimal inequality (Proposition|4.18), and pass to the limit with
ever finer discretizations to obtain (7.5)).

> Use Monotone Convergence Theorem to get (|7.6)).
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Proposition 7.14. (Doob’s L% -maximal inequality) Let M be a continuous martingale
or a non-negative continuous submartingale. Then, we have

IE[ sup Mf] < 4E[M2], T > 0. (7.7)
0<t<T
Moreover, we have
2 2
E|sup M?| < 4 sup E[MZ]. (7.8)
t>0 T>0

Exercise 7.15. Prove Proposition Hint:

> Discretize time, use Doob’s discrete-time L?-inequality (Proposition [4.21), and pass to the limit with ever
finer discretizations to obtain (7.7)).

> Use Monotone Convergence Theorem to get (7.8)).

7.2.3 Completeness of M? (x)
Consider a Cauchy-sequence (M) ey in (M2,]] - lagz):

lim sup ||M(")—M("/)||Mg = 0. (7.9)

M= nn'>m
We will show that there exists M € M? such that
lim || M = M||ye = 0,
n—oo c

that is, (M(™),cy converges in (M2, - lm2)- This yields the completeness of (M2 - llm2):

Theorem 7.16. The space (MZ, || - [|pz2) is complete.

Proof sketch. Consider a Cauchy-sequence (M ™),y in (M?2,]] - lmz2). With the L2-Martingale
Convergence Theorem [7.8] it is reasonable to expect that the limit M could be constructed as

M,=E[My|F], t>0, (7.10)
where
(Cvgl): for each fixed n € N, we have Mt(n) > M ast - oo as. and in L?(P) (by Theorem;
(Cvg2): M N M, € L?(P) as n — oo by completeness of L?(P) (Theorem [2.20): indeed,
(Méon))neN is a Cauchy-sequence in (L*(P), || - ||2) since (M ™),y is a Cauchy-sequence
in (MZ2,]] - []pmgz) — directly by definition of the norm || - ||z (cf. Lemma .
It remains to be verified that
> the martingale M given by formula belongs to the space
M2 = {M = (My)z0 € M. | M is uniformly L*:-bounded: st1>1(1)) | My |2 < 00}

of uniformly L?-bounded continuous martingales; and

> the sequence (M), indeed converges to M in (M2,]| - lla2)-
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Step 1. We first verify that M is uniformly L2-bounded: sup || My |12 < oo.
- t>

Recall from Proposition[2.7]that the conditional expected value of a square-integrable random
variable & € L2(IP) given F; is constructed as the orthogonal projection of & onto mF; n L?(IP).
In particular, for each ¢ > 0, the map

£~ E[¢]F]
is a contraction L?(P) - L*(P):
IE[EIF e < €]z €€ L(P), t20.

Taking £ = M as in ([7.10)) gives

sup || Mi[r2 = sup[|E[Meo | Fi]l[r2 < || Moo |2 < oo.
t>0 t>0

Step 2. We then show that the above two limits |(Cvgl)| and |(Cvg2)| commute:

2
Mt(") L My e 12 (P)  for each fixed ¢ > 0.

Indeed, from definition ([7.10)), we have

M, = E[Mao| 7] = E[ Jim M| 7] [by [Cvg2)

in L2

= limE [M(SO") |.7-"t] [since orthogonal projection is continuous in L?(PP)]

in L2
= Jlim 27", [by (7IT) below]
in L2

since Martingale Reconstruction Property (7.3) from Theorem gives

Mt(n) ) [M(Eo") | F], t>0, neN. (7.11)

Step 3. We lastly prove that ¢ — M, is a.s. continuous (i.e., has a continuous modification).
Property (7.9)) implies that we can find indices 1 < mj < mg < --- such that
| M™ - M ||\ <27 for all n,n' >my, jeN.

Then, using the other norm ||| - |||sup from Lemma[7.9 we can estimate

'M8

[sup ‘M(mﬁl) M(m]) ‘:I

=1 >0
< iHsup |M(m]”) M(m]) H|L2 [by Cauchy-Schwarz (Lemma [2.17))]
= DD < A [by definition of || - lup]
s
< 2 D MO <Ay by Lemma 79
j=1
<2 iz I < 0.

<
Il
—
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Lemma 2.21] now shows that

sup ‘Mt(mjﬂ) - Mt(mj) ‘ =
>0

0 almost surely.

This shows that M (™) has almost surely@ a limit in the space C([0,00),R) uniformly on
compacts, and this limit is a continuous function:

M™D 2% T ¢ ([0, 00),R).
On the other hand, we also know from Step 2 that the pointwise-in-time convergence

_ 2
Mt(mj) i> M,; € L*(P) for each fixed t >0
J—>0o0

holds in L?(P), so it follows that M = M (up to indistinguishability). In particular, the limit
M is a.s. continuous (i.e., has a continuous modification — recall Definition [1.17]). t

Theorem 7.17. The space Mz 1s a Hilbert space with inner product

(M,N)ps2 :=E[Mo Noo],  M,N e M.

Proof. Tt is straightforward to check that (-,-) 42 defines an inner product. Note also that

1M |y = (E[MED)? = (M, M) )

The completeness of (M2, || - || mz) follows from Theorem O

1/2

7.2.4 Toolbox: Sophomore’s dream trick — useful identities for squares (*)

Let us record here an identity which is used frequently in stochastic analysis. We give a special
case of it in Lemma and a more general version in Corollary [7.20] It applies to square-
integrable martingales — in particular, martingales in M?2.

Lemma 7.18. (Sophomore’s dream trick) Let M be a square-integrable martingale:
E[M?] < oo for all t >0. Then, for any 0< s <t, we have

E[(M, - M,)2| 7] = E[M2|F,]- M? = E[M? - MZ|F,]. (7.12)
If furthermore M € M2, then for any t >0, we have

E[(Mo - My)?] =E[MZ2] - E[M7], (7.13)

where Moo = tlim M, € L*(P) is given by Theorem [7.8,

1 Note that since the filtration F, is assumed to be complete, by considering processes up to indistinguishability
we can ignore the event of probability zero where the uniform convergence in C([0, o), R) does not hold.
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Proof. By linearity (item [3[ of Lemma , we have
E[(M, - M,)?| Fo] = E[M2|F,] - 2E[Mt M,|Fs] + B[MZ|F].
By item [f] of Lemma 2.8 and the martingale property [MG3| of M, the middle term equals

~2 M, E[ M| Fs] = -2M2,
|
=My
while by item [1| of Lemma the third term equals M?2. This shows the first claim (7.12).
We leave the proof of the second claim (7.13)) as Exercise O

Exercise 7.19. Show that if M € M2, then (7.13) holds for any ¢ > 0.

A generalization of the Sophomore’s dream trick gives a useful identity for sums of squares
of increments of a square-integrable martingale. We will use it in the proof of Theorem [8.2§

Corollary 7.20. Let M be a square-integrable martingale: E[MZ2] < oo for all t > 0. Fix
0 < s <t. Then, for any partition s = sg < $1 < -+- < Sy, =t of the time interval [s,t], we
have

MS

E[(Ms, - M, \)*| Fs] = E[M?|Fs] - M} = E[(M; - M,)* | F]. (7.14)
1

J

In particular,

ME

E[(Ms, - M, ,)?] = E[M} - M2]. (7.15)

<.
Il
—

Proof. Applying Lemma and the Tower property (item (4| of Lemma , we have

E[(My; - My, )?| Fs] = E[E[MZ - M2 || Fo, ]| Fs] = E[MZ - M| | F].

Sjl

> The first equality in asserted formula (7.14]) follows from linearity and a telescoping sum:

iE[(MSj - MSj—1)2 |“7:8] =

J=1

E[M; - M7 | Fs]

Sj-1

M3

<
Il
—

MS

> (E[M2 | 7] -E[M2, | 7))

Sj-1

<.

Il
,—,_‘H

M2 |.7-" |-E[MZ|F]
F]-E[M?|F] = E[M?|F] -,
using also item [I] of Lemma [2.§] to evaluate E [MS2 | Fs] = M2.
> The second equality in asserted formula ([7.14)) follows from ([7.12)) in Lemma

> Lastly, formula ((7.15)) follows by taking expected value of both sides of ([7.14)) and using
linearity and the Tower property (items |3| and 4] of Lemma . O
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8 Towards stochastic integration: continuous semimartingales

Our next aim is to develop a theory of stochastic integrals for continuous-time processes. Recall
from Section the process (3.6)), thought of as a “discrete stochastic integral”

ZHk(Yk_Yk—l) = (HOY)n, ’I’LEN,
k=1

of H with respect to Y (e.g., “cumulative profit”), where
> the integrator (Yn)nen, is a suitable discrete-time process (e.g., stock price) and
> the integrand (Hp)nen is another suitable discrete-time process (e.g., number of stocks).

Somewhat analogously to the Lebesgue (or Riemann) integral in real analysis, an idea for
constructing a stochastic integral of H with respect to Y for two continuous-time processes
(Y2)ts0 and (Hy)so could be to approzimate it using a suitable discrete version, like the one
above. With such a heuristic idea on the back of our minds, in Sections we develop the
theory of stochastic integration w.r.t. continuous semimartingales: these are defined as linear
combinations of continuous local martingales (space M}:‘)C, see Section and continuous finite-
variation processes (space V., see Section [8.1)). These two classes of processes are separate in
the sense that the only process that belongs to both classes is the zero process (see Theorem
in the end of Section . Hence, we shall construct the integral of suitable H with respect to
Y separately with Y = X € /\/llcoC being a local martingale and with Y = A € V. being a finite-
variation process. In conclusion, the following Doob-Meyer decomposition is a key motivation
for us to develop the theory of finite-variation processes on the one hand, and local martingales
on the other hand. It will make much more sense after reading Sections [8.1

Definition 8.1. (Doob-Meyer decomposition) Consider a filtered probability space
(2, F, F.,P) satisfying the usual conditions.

A continuous semimartingale on (Q, %, F.,P) is an adapted continuous process
Y=1/0+X+A, X(]:AO:O, (81)

with initial value Yy € mFg, where X € ./\/llcOC is a continuous local martingale and A € V,
is a continuous finite-variation process. This decomposition is unique.

In real analysis, while the Riemann integral does produce a meaningful notion, the Lebesgue
integral gives a construction which is much more amenable to applications (e.g., integrating
functions with respect to other functions, or exchanging limits and integrals). Thus, it is rea-
sonable to expect that as the first attempt for a construction of a stochastic integral, one would
try out Lebesgue’s method (though Riemann sum approximations will also play a role later).

In the next Section [8.1], we construct a stochastic pathwise Lebesgque-Stieltjes type integral
/OtHSdAS, £>0,
defined for each w € and ¢ >0 as
w o [ @) A, w),

where A € V. is a process whose sample paths A(w) : [0,00) - R are continuous and have
finite variation (see Definition [8.11), and H is a suitable real-valued process (e.g. bounded and
measurable). See Proposition for the precise setup.
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Note, however, that even for a very well behaved H, the usual Lebesgue-Stieltjes integral

t
f HydB,,  t>0,
0

with respect to sample paths B(w) : [0, 00) - R of Brownian motion is not well-defined, because
B has almost surely infinite variation on any time interval [0,¢] (recall Exercise and check
out Exercise . However, one can show that Brownian motion has a finite quadratic variation
(see Definition , which plays a key role in the construction of a stochastic integral w.r.t. it.
Indeed, B is a local martingale, a prototypical example of an integrator in the space ./\/llcoc. We
discuss local martingales in Section [8.2] and develop applicable integration theory in Section [9}

8.1 Finite-variation processes and pathwise Lebesgue-Stieltjes integral

One possible generalization of Lebesgue integral (with respect to Lebesgue measure) to an in-
tegral with respect to a given well enough behaved function is known as the Lebesgue-Stieltjes
integral. In essence, any function f : [0,00) — R with finite total variation (cf. Definition
gives rise to a signed measure piy that can be used to define integral of the form

[Loase) = [ o) dug(s)

where g : [0,00) — R is a suitable (integrable) function. In this section, we discuss the construc-
tion of Lebesgue-Stieltjes integral for processes whose sample paths have (a.s.) finite variation.

8.1.1 Functions of finite total variation and associated Borel measures

Definition 8.2. (Finite variation) Function f: [0,00) — R has finite variation if for each
t >0, its total variation vary(t) up to time t is finite:

[27¢]
varp(t) = lim Y [f(k27") - f((k-1)27")] < oo. (8.2)
We say that f: [0,00) — R is a (continuous) finite-variation function and write f € FV if
> f is continuous;
> f has finite variation;

> and f(0) =0.

The value f(0) =0 is fixed just by convention (it is needed for uniqueness statements, and
makes sense in view of Figure[8.1.1]). As a sanity check, note that the definition makes sense:

Lemma 8.3. Let f: [0,00) = R be a continuous function, f(0) =0. The following hold.

1. The limit
[2"¢]
vary(t) = lim Z [ f(R27") = f((k=1)27")]| € [0,+00], t>0,
[l »

exists and defines a non-decreasing function vary : [0, 00) — [0, +00] with var(0) = 0.

2. If vary(t) < oo for all t >0, then vary : [0,00) — [0, 00) is continuous (and f e FV).
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Proof. Write Vargfn)(t) = Z]Lf:;ﬂ | f(k27") = f((E-1)27")]|.

1. Fix ¢t > 0. Note that the sequence (Var}n)(t))neN is non-decreasing as n 1 oo:

(2]
var (1) = ];1 | f(k27™) = f((k-1)27)]
(2]
< kZ_:l (172 Y = f((2k =12 D) [+ | F((2k- 127" = F(2k-2)27" 7))
2120
) 12 = ),

where we changed the summation index from & to £ = 2k in the last line. Hence, the sequence
(Vargcn)(t))neN has a limit in [0, +oo] for each fixed t > 0.

Moreover, since t — Var;n)(t) is non-decreasing on [0, co) for each fixed n € N, the limit
t > varg(t) := lim var;n)(t)
n—o00
is also non-decreasing on [0, c0). Clearly, we have vary(0) = 0. This proves item
2. We leave this as Exercise 8.4 O

One could relax the continuity assumption to the requirement that f: [0,00) — R is cadlag,
i.e., right-continuous with left limits. In that case, the total variation vary is cadlag as well.

Exercise 8.4. Show that if the continuous function f: [0,c0) — R has finite variation, then the limit
t —  varg(t) == lim var}") (t)
n—o00

defines a continuous function vary : [0, 00) — [0, c0).

Exercise 8.5. Show that almost surely, Brownian motion does not have finite variation. Hint: Exercise

Lemma 8.6. Let f € FV. Then, we have
| f(t) = f(s)| < varg(t)—vars(s) forall 0 <s<t. (8.3)

In particular, for any partition 0 =ty <t <---<t, =t, we have

310 - £(ticr) < v ). (5.4)

Property (8.4) shows that the dyadic subdivision of [0,¢] used in Definition in a sense
maximizes the oscillation of f. In fact, the total variation vars(¢) could be defined as the limit
over any refining subdivisions of [0, ], see [LeG16 Proposition 4.2].

Proof. Using continuity, we approximate ¢ from below by ¢, := 27" [2"¢] 1 ¢ and s from above
by sf:=2""[2"s]| | s as n 1 oo. Then, we have

2"t

[f(E) -Gl < > 1fF(R27) = f((k-1)27")]

k=2"sf +1

78



< var;n)(t;) - vargcn)(s;)
< Vargpn)(t) - Vargpn)(s). [by monotonicity of var;n)(-)]

As n — oo, the right-hand side converges to var(t) —vars(s), while the left-hand side converges
to | f(t) = f(s)| as n — oo. This shows (8.3)). To prove ({8.4)), note that

n n

n
() = flti) | < Y [varp(ty) —varp(ty1)| = Y (vary(ty) - vary(te-1))
k=1 k=1 k=1
= vary(t,) —vary(tg) = varg(t)
—
=0
by non-negativity of var; and cancellations in the telescoping sum. O

The key for constructing integrals with respect to finite-variation processes is the following
characterization of finite-variation functions f in terms of differences of two non-negative non-
decreasing parts f*. See also Figure 8.1.1

Proposition 8.7. (Characterization of FV) Let f: [0,00) - R be a continuous function
with f(0) =0. Then, f € FV if and only if we have

fO =10 -f @

for two non-decreasing continuous functions f*: [0,00) = [0,00) with f*(0) =0.

Remark 8.8. There are many choices for the decomposition f*. The choice

FE(8) = g (varg(8) £ f(1)) (8.5)
is optimal in the sense of Exercise

Exercise 8.9. Check that if f*, 7* both satisty the properties in Proposition [B.7] then
ff@)<sfr@e)  and  f(t)<f(¢) forallt>0.
Hint: Show first that the space FV of finite-variation functions is a real vector space (cf. Exercise|8.12), and that

varg ¢ (t) = |a| var(t) and vary, .5, (t) < varg, (t) +vary, (t), acR, t>0.

In the sequel, we will always implicitly use the optimal choice (8.5]).

Proof of Proposition[8.7
“=" If the total variation vary is finite at all times, then we can define
FE(t) = g (vary(t) £ f(1)). (8.6)

By Lemmal8.3] these functions f*: [0,00) — [0, c0) are continuous and satisfy f*(0) = 0.
To see that they are non-decreasing, using Lemma [8.6] we have

Fr) = £7(s) = g(varg(t) - varg(s)) + 3 (f(t) - £(5))
2[f(t) - f(s)]

v

0 for all 0 <s<t,

and similarly,

@) -1 (s) %(varf(t)—varf(s))—%(f(t)—f(s)) 0 forall 0<s<t.

> 1£(t) - £(5)]

v
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“«<” Conversely, we estimate the variation of f(t) := f*(¢t) — f7(t), assuming that f* satisfy
the above properties. We have

[27t]
() = T2 I (=12
|27¢] 2"t
T G (R S TR TR (O RV (CRR
[27t] [27¢]
= T ()G 027) + X () - (- 12)

since f* are non-decreasing. Thus, due to cancellations in the telescoping sums, we see
that the right-hand side equals

frE27]) - f10) + 727 [27]) - £7(0)

< ff)+f(t) <o  forallmeNandt>0.
This shows that vars(t) := lim Vargcn)(t) < 00, as claimed. O

A +

f
‘Fttt)- ................................. ;

s t
Figure Ilustration of the determination of the Borel measures p%.

The key idea arising from the decomposition in Proposition is that the two non-decreasing
functions f*: [0,00) — [0, o) represent cumulative distribution functions of two Borel measures
(see Figure for an illustration) on ([0, %), %([0,00))), which we denote as u:

(st = £ (0 - £ (s)  and  pi(s,t) = (- f(s) forall0<s<t
Then,
Juf = 1y i
is a signed Borel measure on ([0, 00), #([0,0))), uniquelyﬁ determined by f as
w([0,t]) = f(¢) for all ¢ >0,
see Lemma [8.10, For convenience, we also write
lplf = pf +py

(this positive measure is also sometimes called the total variation of f [LeG16]).

15(875) gives the unique decomposition = u* — = for which p* are supported on disjoint Borel sets [LeG16].
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8.1.2 Lebesgue-Stieltjes integral with respect to finite-variation functions

We are now ready to formulate the notion of an integral with respect to f € FV. We set

[Tarare) = [T a6s) dugts)
fowg(s) dpy(s) - /Ooog(s) duz(s),

for any integrable function
geL () nL7) = {93 [0.00) > R| [T lg(9)] duj(s) <oo and [ [ g(s)] duf(s) < oo},

and analogously, we set

[Tarass) = [To)1pats) afs),  ex0

We also denote

fooog(s)]df(sﬂ : fowg(s) dlpls(s)
= jo\oog(s) d/L;(S) + [)wg(s) dILL}(S),

Lemma 8.10. For each f € FV, we have

w0 = [ ais)=f@) e |ul(0.0) = [ 1df(s) = vars(),  £20.

Proof. By definition (using the choice (8.5))), we have

[Fa56s) = w10,01) = e ([0, - 7 ([0,1)
= (FO-FO) - (- £ ) = £ - £
= Sy (8) + (1) - vy (0) - 1) = £00),

and similarly,

L1476 = 1l(10,1]) = w([0.02) + - ([0.)
= (PO - FO)+ (0 - F(O) = 70+ ()
%(varf(t) +f(t)) + %(varf(t) - f(t)) = varg(2).

8.1.3 Finite-variation processes

Let us now consider adapted stochastic processes on a filtered probability space (€2,.%, F,,P)
satisfying the usual conditions (Deﬁnition. Observe that the conditionof the underlying
filtration F, enables us to assume continuity and finite variation property only almost surely, as
we can get rid of the complementary event by defining our processes to equal zero there, without
losing measurability.
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Definition 8.11. A (continuous) finite-variation process is an adapted stochastic process
A = (At)0 whose sample paths are almost surely finite-variation functions: A € FV a.s.:

P[{weQ |t~ A (w) is continuous, has finite variation, and Ag(w) = 0}] = 1.

Its total variation process is defined as

[27¢]
t) = li Apog-n(w) - A n EA
VAw) = var 4 (t) = lim k; | Apo-n(w) = Ag-1)2n(w) |, weE”, £50
0 w ¢ B4,

EA {weQ |t~ A(w) is continuous, has finite variation, and Ag(w) = 0}. (8.7)

The set of all (continuous) finite-variation processes on (€2, .%,F.,P) is denoted as
V, = {A = (A¢)s0 | A is a continuous finite-variation process, Ag = O}.

The requirement Ag = 0 is imposed for convenience, and it is useful later.

Exercise 8.12. Show that V. is a real vector space.

Lemma 8.13. Let A €V, be a finite-variation process w.r.t a filtration Fo satisfying the
usual conditions (Deﬁm'tion. Then, the total variation process VA is adapted to F,
and, almost surely, t — V;A 18 continuous, non-decreasing, and VbA =0.

Proof sketch. Tt suffices to study the measurability on the event E4, by the usual condition[UCZ]
On this event, Lemma [8.10] gives the identity

t
VAW = [ldAw)],  t20,we B,

which shows that w + V;(w) is Fy-measurable on E4 for all ¢ > 0. Thus, V4 is adapted to F,.
The other asserted properties of VtA follow from Lemma [8.3 O

A particularly important class of finite-variation processes are increasing (non-decreasing)
processes. Assuming that Ag =0, any non-decreasing continuous process is also non-negative.

Lemma 8.14. Let V be an adapted process whose sample paths are almost surely
> continuous;
> non-decreasing;
> and V5 =0.

Then, V is a finite-variation process: V € V..

Proof. This follows immediately from Proposition (with f(t) = f*(t) = V). O
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Definition 8.15. We call processes in Lemma increasing and we denote V € V7.

Corollary 8.16. Let A €V, be a finite-variation process. Then, the total variation process
VA4 is an increasing process: VA e V¥,

8.1.4 Pathwise integral with respect to finite-variation processes

We can now apply the construction from Section pathwise. Indeed, for each (continuous)
finite-variation process A € V. on a filtered probability space (2, %, F,.,P) satisfying the usual
conditions (Definition , we can define the measures ,uj(w) and the pathwise integral

w o= [Te) dAw@) = [T o) dui) - [ () dung(s). wen

provided that the function g : [0,00) - R is integrable. More generally, we can take g = H to
be a stochastic process too:

W o fO“Hs(w) dA,(w) = waHs(w) dug(w)(s)-fomHs(w) Qg (s),  we.

Issues. A few natural questions now arise:
> Does (w,t) — fot Hy(w) dAg(w) =: (H o A)¢(w) define a stochastic process H o A?
> Is H e A adapted to F,7

To ensure desired properties, we need to make assumptions on the integrand process H.
> In order for the integral to be finite, we assume (almost sure) integrability, see .
> If H is progressively measurable (cf. Definition then H e A is adapted to F.

Proposition 8.17. (Integral) Let A € V. be a finite-variation process w.r.t a filtration
F. satisfying the usual conditions (Definition . Suppose that H is a progressively
measurable process such thaﬂ almost surely (i.e. for P -almost every w € ),

t
fo | Hy(w) || dAs(w)| < oo forall ¢20. (8.8)

Then, the integral process H e A = ((H ® A)¢)s0 defined as

[ Hy(w) dA,(w), weEAnEH,
(HeoA)p(w):=1" £>0,
0, w¢ EAnEH

where B4 is the event [8.7) and E¥ := {w €| (8.8) holds}, is a finite-variation process.

“Recall that | dAs(w)| means dpj,)(s) + dpac,)(s)-

Proof sketch. See, e.g. [LeG16l Proposition 4.5] for more details.

16Recall that for example, an adapted process with (a.s.) continuous sample paths is progressively measurable.
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Step 1. (He A is well-defined): Write H* := max{+H, 0} for the positive and negative parts and

HtoA" - HtoeA™" — H o A" + H o A~
(H+0A++H_0A_) - (H+0A_+H_0A+).

Heo A

(8.9)

The integral (H o A); is finite for all ¢ > 0, since the assumption (8.8) implies that all terms on
the right-hand side of are finite.

Step 2. (H e A is continuous): This is clear for w ¢ E4An E¥. For we EAn Ef | we have

t oo
(HeA)(w):= /0 Hi(w) dAg(w) = '[0 Hg(w) ]J[O,t](s) dAs(w).
Since the convergence

]J[O,u](s) - 1J[o,t](S) as u | t,
]J[O,U](S) - 11[0,15)(8) asutt

holds pointwise for s > 0, Dominated Convergence Theorem [Kyt20, Theorem VII.19] shows that
the integral is continuous:

lim (H o A)s(w) = (H o A)(w), weEBAn BT,

Step 3. (H e A has finite variation): For each w € 2, the last line of is a difference of
two non-decreasing, non-negative, continuous functions, which both vanish at ¢ = 0, so Proposi-

tion 8.7 readily shows that the left-hand side of is a finite-variation function t — (HeA)(w).

Step 4. (HeA isadapted to F,): This can be proven via the “standard machine” and a monotone
class argument as follows. By , we may restrict our attention to non-negative H and
increasing A € VY. Moreover, it suffices to prove that for each fized T' > 0, the quantity (H e A)r
is Fr-measurable whenever holds at time ¢t =T and the following map is measurable:

H: (Qx[0,T],Fr®2([0,T])) - (R, Z(R)). (8.10)
Step 4a). Consider the pi-system ({5.5)) associated to the progressive sigma-algebra &2,
Oy :={Ex(u,v] | EeFpand 0<u<v<T}.

Note that, for each £ € Fpr and 0 <u <v < T, the random variable

o foT]JE(w)]J(M](s)dAs(w) = (@) (A0(@) ~ Au@)) = (pun) s A7

is Fpr-measurable since A is adapted. This shows the claim for the indicator function H = 1g
of every set G = E x (u,v] € IIp in the pi-system ({5.5).

Step 4b). We use Monotone Class Theorem [A.30] to argue that (H e A)r is Fr-measurable
for any bounded process (8.10). To this end, we verily that the collection

H:={H: (Qx[0,T],Fr® 2([0,T])) - (R, Z(R)) | H is bounded and (H e A)7 € mFr}

is a monotone class, that is, satisfies the following properties.
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> The constant process 1 € H; this is clear.
> H is an R-vector space; this is clear.

> Suppose that (H (”))neN is a sequence of elements of H such that
0 < HM(w) t Hy(w) asntoo
pointwise for (w, s) € Q2 x [0,7T'], where the limit H : Q x [0,7] — R is bounded. Then,

+ H is a measurable map from (2 x [0,T'], Fr ® #([0,T])) to (R, ZA(R)) as a pointwise
limit of such processes;

* H is bounded by assumption; and

+ (HeA)p e mFr as a pointwise limit of elements in mF7p: by the Monotone Convergence
Theorem [Kyt20, Theorem VII.8], we have (on the event {EH (n)inﬁnitely often})

(HO e A)r() = [T HO@) dA) TS (He ().
emFr €mFr

Hence, H € H, which verifies that H is a monotone class.

Thus, because H contains the indicator function 1 of every set G € Il7 in the pi-system ([5.5))
of Step 4a, Monotone Class Theorem implies that H contains all bounded measurable
functions (8.10)). This shows that (H e A)p € mFp for any bounded process (8.10)).

Step 4c). It remains to argue (via the “standard machine”) that (H e A)7 is Fpr-measurable
for any non-negative process (8.10). We can approximate such H by linear combinations of
simple (piecewise constant) bounded processes H (") ¢ A as follows:

n2"

H"(w) = 3 (k-1)2" Uy <o)<kt + nlimwysny,  $€[0,T], we®
Pt

which converge pointwise from below to H: we have H§n)(w) 1 Hg(w) as n 1 co. Hence, again
by the Monotone Convergence Theorem [Kyt20, Theorem VIL8|, (H e A)r € mFr as a pointwise
limit of elements in mFr: by Step 4b, we have (on the event { B (n)inﬁnitely often})

(H™ o A)p(w) = fOTHs?")(w)dAs(w) = (HeA)r(w).
emFr emFr

This shows that (H e A)r € mFr for any non-negative process (8.10) (concluding by ) O

Remark 8.18. Insteadm of the pi-system (/5.5)), we could also use the more restrictive predictable
(or previsible) pi-system

" = {E x (u,v] | E € F, and 0 <u < v}. (8.11)

If H: Qx(0,00) - R is a predictable process, that is, a measurable map from (2 x (0, 00), 2%)
to (R, Z(R)) with respect to the sigma-algebra 2" := o(II") generated by (8.11), then H is
also progressively measurable. Note that the converse does not hold: e.g., the Poisson process
with respect to its natural filtration is progressively measurable but not predictable.

"This makes little difference when considering continuous processes, but it does with discontinuous processes.
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Analogously to Proposition (left-)continuous processes are predictable. However, as the
example of the Poisson process shows, right-continuous processes are not necessarily predictable.

Proposition 8.19. Consider an adapted real-valued stochastic process H = (Hy)iso on
a filtered probability space (2, F,Fe,P). Suppose that for every w € Q, the sample path
t — Hy(w) is left-continuous. Then H is predictable.

Proof. Forn e Nand t > 0, define a random variable Ht(n) i= H(j_1y2n when t € ((k=1)27", k27" ]

with k£ € N, and Hé") := Hy. Then, H™ are predictable and, since the samF)GE paths of H are
n

left-continuous, (w,t) = H¢(w) is a limit of the measurable maps (w,t) » H; "’ (w): we have
JH{}OHt(n)(w) = lim 37 Hg1y2-n (W) Vige-1y2-n <) <hony = Hi(w)
k=1

for every w € Q and t > 0. Hence, H is predictable. ]

Remark 8.20. Comparison of predictable and progressively measurable processes:

> Any predictable process is progressively measurable.
> Any continuous, right-continuous, or left-continuous process is progressively measurable.
> Any continuous or left-continuous process is predictable.
> Processes taking discrete values (e.g. Poisson process) are not in general predictable.
> Right-continuous processes are not necessarily predictable: for example the Poisson process
has a right-continuous modification but is not predictable.
8.2 Local martingales

Throughout, as before, we consider a filtered probability space (2, %, F,,P) satisfying the usual
conditions. Recall the definition of a continuous-time martingale from Definition process
M = (My)so satisfying (adapted): M; is F;-measurable for every t; [MG2| (integrable):
My € L'(P) for every t; and [MG3| (martingale property): a.s., E[M;|Fs] = M for every 0 < s < t.

We frequently use the following notation for important spaces of martingales.
> The set of all continuous martingales on (0, %, Fe,P) is denoted as

M, = {M = (M¢)s0 | M is a martingale and ¢ — M;(w) is almost surely continuous}.

> The set of all uniformly L?-bounded continuous martingales on (Q,.Z,F,P) is denoted as

M? = {M = (My)ss0 € Mc | M is uniformly L%bounded: sup E[M?] < o} c M.
0

By Exercises & both M2 and M, are vector spaces.

It is often useful to relax especially the integrability condition slightly. This can be
accomplished by considering the process stopped before a blow-up, which can be accomplished
by the notion of stopped processes (as in Section — here, one needs to be mindful about
measurability issues). This idea leads to the following notion of a “local” martingale (where
“local” refers to locality in time, and is standard terminology in the literature).
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Definition 8.21. (Local martingale) Stochastic process X = (X¢)s0 on a filtered proba-
bility space (92, .%,F,,P) is called a local martingale if

loc-MG1. (it is adapted to F,): for every ¢ > 0, the random variable X is F;-measurable;

loc-MG2. there exists a sequenceﬂ (Tn ) nen of stopping times such that 7,(w) 1 o0 asn 1 oo
almost surely, and the stopped processes X7 := (Xyar, )1>0 are martingales.

The set of all continuous local martingales on (2, %, Fo,P) is denoted as

Mloe .= {X = (X¢)es0 | X is a local martingale and t — X;(w) is almost surely continuous}.

“One sometimes says that the sequence (74, )nen Teduces, or localizes X .

Exercise 8.22. Show that M!°¢ is a real vector space.

> Here, we only consider continuous local martingales to ensure measurability. One could
relax the continuity assumption and consider cadlag processes instead.

> It follows from Definition [8.21] that the initial value Xg € L'(P) of X is integrable. Some-
times in the literature (e.g. [LeG16]) it is assumed either that Xy = 0 for simplicity, or Xo
is allowed to be an arbitrary Fy-measurable random variable (not necessarily integrable).

> Any continuous martingale is also a continuous local martingale (by applying item [ of
Theorem to 7, := n). Therefore, we have

M? c M, ¢ M,
> If X € M is bounded, then it is also a martingale: X € M, (see Exercise [8.25)).

> If X € M}:"C and T is a stopping time, then the stopped process X7 := (Xiar )0 is also a
continuous local martingale (see Exercise [8.26]).

Exercise 8.23. Let X = (X¢)>0 be a local martingale such that X is non-negative, i.e., X > 0 for each ¢t > 0.
Prove that X is a supermartingale. Hint: Conditional Fatou’s lemma (item || of Lemma|2.10).

Exercise 8.24. Let X = (X¢)>0 be a continuous local martingale. Suppose the collection

({X+ | 7 is a stopping time such that 7(w) < T for each w € Q})T>0

is UL Show that E[X,]=E[Xg] for all bounded stopping times 7. Conclude that X is a martingale.
Hint: Optional Stopping Theorem@

Exercise 8.25. Let X = (Xt)s>0 be a continuous local martingale which is uniformly L'-dominated: there exists
an integrable random variable 1 € L' (P) such that | X;| <7 for all t > 0. Prove that X is a Ul martingale.
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Exercise 8.26. Let X be a continuous local martingale and 7 a stopping time. Prove that the stopped process
X7 := (Xiar)t=0 is also a continuous local martingale: X7 € Mlcoc.

In the definition of a local martingale, we can also without loss of generality require that
each X is UI by modifying the localizing sequence 7, to, e.g., o, := 7, A n for each n.

Proposition 8.27. (Local martingale) Let Fo = (F;)is0 be a filtration. The following are
equivalent for a continuous real-valued stochastic process X = (Xy)es0 adapted to F,.

loc-MG’1l. X is a local martingale w.r.t. F,.

loc-MG’2. There exists a sequence (op)nen of stopping times w.r.t. Fo such that o, 1 oo
asn t oo a.s., and the stopped processes X" := (X, )i=0 are Ul martingales.

Proof. The implication loc-MG’2| = [loc-MG’1|is clear. To show [loc-MG’l| = [loc-MG’2] let X
be a continuous local martingale and (7, )ney a localizing sequence as in of the original
Definition [8.21} Define oy, := 7, A n for each n. Then, they are stopping times and o, 1 co as
n 1 oo a.s. Moreover, since (Xyar, )i>0 is a continuous local martingale (see Corollary , so is
X7 = (X¢ar,an)ts0 for any fixed n € N. As the time-interval [0,n] is compact, the process X~
is furthermore uniformly bounded in ¢ by some constant that depends on n. It thus follows that
each X7 is UI (by Exercise . (It suffices that they are Ul separatelyiﬂ for each n.) O

Any finite-variation continuous local martingale is (essentially) zero.

Theorem 8.28. Let X e MC. If X €V, is also a finite-variation process, then

P[X; =0 for all t >0] = 1.

Exercise 8.29. Prove that the Doob-Meyer decomposition (8.1)) is unique by using Theorem and linearity.

Proof. Since by Lemmas and the variation V¥ of X,
t
t e fo | dX,| = VY,

is a continuous process, Lemma [5.7] shows that the first time when it becomes large,

Tn::inf{t20| [Ot|dXs|2n},

is a stopping time, as the hitting time of the closed set [n,o0). Note that, as X has finite
variation, we have 7, 1 00 as n 1 co almost surely. The rough goal is to show that E[(X]")?] =0,
which implies that X;™ = 0 almost surely, and then take the limit n - co. (Note that a density
argument will also be needed to conclude that X; = 0 almost surely simultaneously for all ¢.)

18 A possible source of confusion here is that the uniform integrability (UI) concerns the processes indexed by
the time-index ¢ € [0, o0), while the integers n € N indexing the stopping times have a different role.
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Step 1. We first argue that, for each n € N, the stopped process X™ := (Xiar, )t>0 is & contin-
uous bounded local martingale, and thus, a continuous bounded martingale (by Exercise [8.25]).

> Indeed, Exercise [B.26] shows that X™ e M!oc.

> To see why X™ is bounded, note that
tATR
X7 | = | Xonn, | < fo 1dX,| < n,  t>0.
Note also that since X € V., also X™ € V, is a finite-variation process and VtX ™= _[Ot | dXT | < n.

Step 2. Fix n € N. Next, we apply the Sophomore’s dream trick from Corollary to a
partition 0 = sp < 81 < -+- < Sy, = t of the time interval [0,¢] with fixed ¢ > 0 to obtain

E[(X/)?] = iE [(XST]" - X;’,il)2] [using Corollary and X" = X" = 0]
Jj=

m
E I:Ogg,)sl,...,sm Z |X;-Jn - X;—]Til |:|7
j=1
where we estimated one term in the square by the oscillation

o = sup [ X" -XT" | <2n < o0 for each fixed n e N,

80481 3.-+3Sm ) sj—l
1<j<m

which is uniformly bounded for each fixed n since | X7 | < n for all s > 0. By applying (8.4)) from
Lemma to X €V, (for which, in particular, X € FV a.s.), we see that

m
DX =X | < varx () =V, ™ <n  for each fixed n €N,
j=1

which is also uniformly bounded for each fixed n. This shows that

50,515 80,515.-,8m ' t

E[(X;)?] < E[O™, . 21|X§; - X, |] <E[OM) v
o

<2n?

Step 3. Because X is (a.s.) continuous, it is (a.s.) uniformly continuous on the compact time
interval [0,t], so taking finer and finer partitions, we have

m—>00

Og?,%gl7._.7sm — 0 almost surely, for each fixed n € N.

Together with Step 2, this shows that for each fixed n € N, we have
E[(X]")*] < E[O{) v TS o, (8.12)

50,515-++35m

applying the Bounded Convergence Theorem [Kyt20, Corollary VII.21]. Since the right-hand
side of (8.12)) does not depend on n, this implies that E[(X]")?] =0, so

P[X]"=0]=1, t>0.

Step 4. Since X has finite variation, we have 7,, 1 o0 as n 1 oo. Thus, Step 3 shows that

X = lim X" =0 almost surely, for each fixed ¢ > 0.

n—>00

In other words, we have P[X; = 0] = 1 for any ¢ > 0.
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Step 5. Lastly, it remains to argue that X; = 0 almost surely simultaneously for all ¢ > 0. To
this end, we take a countable dense set of times and use Union Bound (A.4)):

P[X,=0forallgeQn[0,00)] >1 - > P[X,#0] = 1.
qsQn[0,00) ~"——~——
=0 by Step 4

Because X is (a.s.) continuous, similarly as in the proof of Kolmogorov’s Continuity Criterion
(Theorem [1.25]), there exists a modification of X which is identically zero, so

P[X; =0 forall t>0]=1.

This concludes the proof. ]

Corollary 8.30. Brownian motion is not a finite-variation process.

Proof. Brownian motion is a non-trivial (non-zero) continuous martingale (thus, a local martin-
gale). Hence, Theorem shows that it cannot be a finite-variation process. O
8.3 Quadratic variation process for local martingales

While non-trivial local martingales have infinite total variation, they have finite quadratic vari-
ation. This is the correction needed in order to derive a version of the “Fundamental Theorem
of Calculus,” or Ité’s Formula, for stochastic integrals, to be discussed more in Section

8.3.1 Motivation — stochastic integration by parts

Let us consider the following stochastic integration by parts for a finite-variation process.

Lemma 8.31. Let A€V, be a finite-variation process. We have

t
A§:2f A,dA,, 20,
0

Proof sketch. Consider the following telescoping sum:

[27¢]
Ag-npntj = 1;1 (Azrn _A%k—l)Q‘")
|24] 2] )
= > 2402 (Akan = Apeya—n) + 2 (Aken = Agenyan)
k=1 k=1

Taking n — oo, by continuity the left-hand side tends to A? almost surely (and thus, in proba-
bility), while the first term on the right-hand side is a Riemann sum tending to

t
2 f A, dA,,
0
in probability (cf. Exercise [8.32)), and the second term on the right-hand side tends to zero in
probability, because A has finite variation (cf. Exercise [8.33)). O
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Exercise 8.32. Let A €V, be a finite-variation process. Fix ¢ > 0. Show that

[2"¢] P ¢
Z 2A(k—1)2‘" (Akg—n - A(k—1)2‘") — 2 A AS dAs
k=1

Exercise 8.33. Let A €V, be a finite-variation process. Fix ¢ > 0. Show that

[27¢] o =
]; (AkQ’" - A(k—l)Q‘") —> 0.

Consider now a continuous local martingale X € M!°¢. We would still expect to be able to
define a stochastic integral (which we will indeed define in Section [J) that we would denote as

t
f X.dX., £>0.
0

However, if we believe that the integral should still respect the Riemann sum approximation,

[27¢] P t
Z 2X(k_1)2—n (XkQ—n - X(k—l)Z*") — 2 A X dXs,
k=1

we see that in the integration by parts formula, there is a possibly non-trivial second order error
term, namely the limit (in a suitable sense, see Definition below) as n — oo of

27 )
> (Xkgn = X(po1)2n) "
k=1
Evaluating this limit motivates the definition of the quadratic variation process, see (8.14) in
Theorem Thus, we expect the following type of integration by parts to hold for X e M!¢:
t [27] 9
X} =2 | XedX ¢+ lim Y (Xkan = X(po1yon), 20 (8.13)

n—oco = -

While the limits in Exercises & for a finite-variation process hold in probability, the
limit in (8.13)) turns out to hold in a weaker sense, as detailed in Definition & Theorem [8.35]

Definition 8.34. A sequence (X ™),y of real-valued continuous-time stochastic pro-
cesses converges in probability uniformly on compacts to the process X if

lim P| sup |Xt(n)—Xt| > e

[ ]:o for all & > 0 and for all T > 0.
W= te[0,T7]

We will see in Section (10| that the integration by parts formula (8.13)) indeed holds with this
second order correction — see in particular Theorem [I0.1] This is the gist of Itd’s integration
theory. See also Proposition & Exercise for the Riemann sum approximations.

8.3.2 Definition of quadratic variation

Recall from Definition that we call (continuous) non-decreasing finite-variation processes
just simply increasing processes, and we denote them as

Vi= {X = (Xt)w0 | X is a continuous increasing process, Xg = O} c Ve
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By the convention Xy = 0, any (continuous) increasing process is non-negative.

Theorem 8.35. (Quadratic variation) Let X € M. There exists a unique process (up
to indistinguishability) denoted (X, X) = ((X, X)¢)is0 such that the following hold:

QV1. (X, X) eV is a (continuous) increasing process;
QV2. t = X2 —(X,X); is a continuous local martingale, i.e., it belongs to M°.
Moreover, the following convergence of processes holds:

[27]

2 P
> (Xpon = X(j_1)2-n) — (X, X))y, t>0, (8.14)
k=1

in probability uniformly on compacts (cf. Definition , and in particular, in probability
pointwise in time.

Definition 8.36. The process (X, X) is called the quadratic variation of X.

Let us make some quick remarks:

> Note that the process (X, X) is independent of the initial value Xy, but only depends on
the increments of X. Thus, it is often useful to assume that X = 0.

> If M is a martingale, then M2—(M, M) is a martingale (cf. Propositionand Lemma.

> Brownian motion has (B, B); = t, and ¢ + B? —t is a martingale (cf. item [1| of Exercise .
The proof of Theorem [8.35]is very elaborate.

> The uniqueness part follows from Theorem (see Lemma in Section .

> Proving the existence of the quadratic variation (X, X') will be done in several stages.

> First, one can construct it for bounded continuous martingales making use the Hilbert space
structure of M? from Section (This will be the content of Section M)

> With the construction done for bounded continuous martingales, a localization (that is,
truncation by suitable stopping times and a limiting procedure) argument gives the con-
struction of (X, X) for general X e M!°¢. (This will be the content of Section [8.3.5])

During first reading, readers are advised to still read the next Section m (uniqueness),
and thereafter skip Sections [8.3.4H48.3.5| (existence) and jump directly to Sections for now.
It is recommended to rather come back to Sections after reading Section [9]

8.3.3 Uniqueness of the quadratic variation

Lemma 8.37. Let A and A be two processes satisfying properties and[QV2 Then,
A and A are indistinguishable: P[A; = A; for all ¢ > 0] = 1.

Proof. Consider the difference A — A. We aim to show that it is the zero process.
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> Since both A € V, and A ¢ V, are finite-variation processes by property sois A—A eV,
(this follows by linearity, Exercise |8.12)).

> Since both X2 — A and X2 — A are continuous local martingales by property S0 is
A-A=(X2-A)-(X?>-A) e M
— Y
€ Mloe € Mloe

(this follows by linearity, Exercise [8.22)).

Hence, Theorem applied to A — A shows that, almost surely, A; = A; for all ¢ > 0. O

8.3.4 Existence of the quadratic variation for bounded continuous martingales (x)

Terminology. We call a process X which is a.s. uniformly bounded, i.e.,

P [{w € Q| there exists a constant C € (0, 00) such that | X;| < C for all t > 0}] = 1,

briefly a bounded process. As we work with processes up to indistinguishability and assume
that the filtration F, satisfies the usual conditions, we omit “almost surely (a.s.).”

The set of all (uniformly) bounded continuous martingales on (2, %, F.,P) is denoted as
Mg = {M = (My)ts0 € M. | M is uniformly bounded: 3 C € (0,00) s.t. sup|M;| < C}
0

c M? ¢ M..

Proposition 8.38. Suppose that M € M? is a bounded continuous martingale. Then,
there exists a process (M, M) = ((M, M))s0 such that the following hold:

QV’L. (M, M) eV} is a (continuous) increasing process;
QV’2. M? — (M, M) e M’ is a bounded continuous martingale.

In particular, the process (M, M) is the quadratic variation of M.

To construct the process (M, M), we use the definition and properties of simple (elementary)
integral processes from Section [0.2] — in brief, they are integrals over piecewise constant pro-
cesses. As a piece of intuition, we would expect that approximation by simple integrals would
yield a stochastic integral fot M dM; for M, and the quadratic variation process (M, M) would
arise as a correction term in the integration by parts for M as in (8.13)):

t [27¢]
MP =2 [ MM, + Jim Y (Mygn = Mgyypn ), £20,

Gy

Thus, along the proof of Proposition we shall not only construct (M, M) but also verify:
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Corollary 8.39. Suppose that M ¢ Mlc’ is a bounded continuous martingale, and let
(M, M) be its quadratic variation. Then, the following convergence of processes holds:

[27¢]
2 P
> (Mygn = Mg-1)2-) — (M, M)y, t>0, (8.15)
k=1
in probability uniformly on compacts (cf. Definition , and in particular, in probability
pointwise in time.

Proof. This follows from Step 2 of the proof of Proposition [8:38 O

Proof sketch of Proposition[8.38, Without loss of generality, we consider the case where My = 0.
Fix N € N throughout. Consider the dyadic partitions of the time interval [0, N],

{27 | ke{0,1,...,2"N}}, n eN.
> Define for each n € N the simple processes approximating M (see also Definition [9.4)) as
2" N

H" (W)= Mg-1yz-n (@) Vr1)2m p2m) (8), - 20,
k=1

where each M(j_1)2-» : > R is a bounded F;,_1)s-n-measurable random variable, since M
is a bounded martingale. Note that by Proposition [5.19] since ¢ — Ht(n’N) is left-continuous,
it is progressively measurable — in particular, adapted.

D> Define for each n € N the simple integral process (see also Definition as

Yb(n’N)(w) . (H(n,N) o M)o(w) =0, (8.16)
YN (w) 1= (HON) 0 M), (w)
2" N

> Mg1)2-n (W) (Mgakan (w) = Myp(po1y2-n (w)),  £>0, we .
k=1

By Lemma (Exercise [9.7), we have Y (N ¢ M?2. Remembering the motivation for the
search of the quadratic variation from the discussion after Lemma [8.31] we ezpect that

(n,N) n—>00 ¢
Y, = [ M, te[o,N], (8.17)

and that the error in the integration by parts formula, which can be written in the form
Atn’N = M? -2 Yt(n’N), converges to the desired quadratic variation:

A2 MY, te[0,N], (8.18)

in a suitable sense (namely, the integral will converge in the space ./\/lg of martingales,
which is a Hilbert space by Theorem [7.17] — this will become clearer later in the proof of
Theorem and we do not need it here — and the error converges in probability
(uniformly on compacts) as in Corollary which will follow from the proof below).
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Step 1. Lemma@ shows that, for each fixed N ¢ N, the sequence (Y (")), .y is a Cauchy-
sequence in MZ. Hence, by the completeness of (MZ, ]| - [|s2) from Theorem we have

y@mN) "2 y(N) eng

that is, | YN -y || e = [ VS - vEV |12 - 0 as 0 oo

Lemma 8.40. Fiz N € N and consider the sequence (Y(”’N))neN in M2 defined in (8.16)).
It is a Cauchy-sequence:

lim sup HY(”’N)—Y("”N)HME = 0. (8.19)

M=% nn'>m

We prove Lemma [8.40] in the end of this section.

Step 2. Next, we define a process A,EN) = M? ~ 2Yt(N) for t € [0, N]. We will argue that it
satisfies properties [QV’1{ and [QV’2{ on the time window ¢ € [0, N] (and later take N — oo0).

> By Step 1, we have M? - AV) = 2¥ (V) ¢ MY which shows property

> Moreover, since

k k
2 (n,N) _ 2 2
Miyn =2Y55 " = Z; (Mo = Mj1ypn) = 2 Z;M(j—l)zfn(Mﬂ-" = M(j-1)2-n)

Jj= Jj=

k 2
= 2 (Mjzn = Mjo1)2-1)
j=1
is non-decreasing in k =1,2,..., one can check tha@ the continuous process

t > ME2-2Y, N =AM
is also a non-negative, non-decreasing process started at Mg - 2Y0(N) = 0. Hence, it is an

increasing process by Lemma and Definition — this shows property

Step 3. Taking N — oo along the integers N and defining

]\lfim AgN) (W), t>0, weE4,
(M, M)(w) = NeN
0 t>0, w¢ B4,

where P[E4] =1 for the event (countable union of almost sure events)

EA = {weQ|tr AgN)(w) is an increasing process for any N € N},

we see that the process (M, M) indeed satisfies the desired properties [QV’1] and (QV’2} O

Proof sketch of Lemma[8.40. Suppose that n <n’ and consider the mixed moment at the fixed
“final” time t = N:

7

on

(N (', N) T e 2
B [YN Yy ] = 1;1 ] £ [M(k—1)2‘"(Mk2‘” B M(k—1)2‘”) M(e-1)27n’(Me2fn’ - M(e—mfn’)]'

/=
There are two possible cases for the two dyadic intervals
IM=[(k-1)2"k27")  and I} :=[(£-1)27" 027
9For more details, see [Le(i16], Proof of Theorem 4.9].
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> Either I’ n Ié‘, = ¢, in which case using the Orthogonality trick from Lemma we obtain
E [M(k—l)Q’" (MkQ’" - M(k—l)Q*") M(£f1)2-"’ (Mzz—n’ - M(zzfl)z-n’ )] =0,

since 0 < (k-1)27" < k2" < (£ - 1)2_”, < 027" and we have M j-1y2-n € mF(j_1)2-» and
M(e—1)2fn’ € m}—(e—1)27n’-

> Or ;' n Ig" # &, in which case I?' c I}, It is useful to write
Mpyo-n — M(k—l)Q’" = (MkQ*" - MgQ—n’) + (M€2—"' - M(Zfl)2‘"') + (M(£71)2‘”' - M(k—l)an)

so that after another application of the Orthogonality trick from Lemma with times
0<(k-1)2"<(£-1)27" <027 < k27", the terms of interest take the following form:

E [M(k—l)Q’" (MkT” - M(k—1)2*”) M(Z—l)Q—”' (Mm-n’ - M(271)2-n’ )]
=B [M(k—1)2‘" (Mk2‘" - Mmfn’) M(e—1)27n’ (Mewt’ - M(e-1)27n’ )]

=0 by Lemma
+E [M(k—l)T” (Mm-n’ - M(Z—l)Q‘"') M(zf1)2-"’ (Mzz—n’ - M(571)2-n’ )]

+E [M(k—1)2‘” (M(e—l)w’ - M(k—1)2—”) M(£—1)27n’ (Mmfn’ - M(e-1)27n’ )]

=0 by Lemma[0.§]
=B [M(k—l)r” M(£71)2-"’ (Mzz-n’ - M(ffl)?"')z]'

Lastly, note that for each fixed ¢ € {1,2,..., 2"/N}7 if I;' n I?l #+ @ holds, then it holds with a
unique k =k(£) € {1,2,...,2" N}. Hence, we obtain
E [(Y]\(fn,N) _ Y]\(fn',N))Z]

o' N ) )
; E [(M(k(f)fl)rn = Mg_1yp-n) (Mygenr = My_yyp-nt) ]

o' N
2 2
< E[( sup (M(W)—l)T" - M(Zfl)2—"') ( D (Mez-n’ _M(1271)2-n’) )]
¢e{1,...27" N} =1
) 2 1/2 2n’N ) 2 1/2
<|E [( sup  (Mr(oy-1y2-n = Mp1yo-') ) ] E [( > (Mygow = My_yyp-nr) ) ]
Le{1,....2"' N} =1
— 0 since M continuous & [0,N] compact bounded uniformly in n,n by Exercise [84]]
n,n’_—;oo 0’
using Cauchy-Schwarz Inequality (Lemma [2.17) and Exercise O

Exercise 8.41. Let M € MY and let C € (0, 00) be a constant such that sup| M; | < C. Show that
20

o' N ) 2 .
E[( e_z:l (MZT"’ _M(z,l)g—n’) ) ] < 16C°.
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8.3.5 [Existence of the quadratic variation for local martingales (x)

Proposition 8.42. Let X ¢ ./\/llcoc. Then, there exists a process (X, X) satisfying proper-
ties and|QV2. In particular, the process (X, X) is the quadratic variation of X.

Moreover, the convergence (8.14)) holds in probability uniformly on compacts.

Proof sketch. The idea is localization: up to suitable increasing stopping times, X is a bounded
martingale for which Proposition holds. Define

o =inf{t >0 || X;|>n}, neN,

which are stopping times by Lemmal[5.7] as hitting times of the continuous process X to the closed
set [n,00). The stopped process X7 := (Xyar, )0 is a continuous bounded local martingale:

| X" = | Xiar, | < | Xo| + 1, neN, t>0,

thus, it is a continuous bounded martingale (by Exercise |8.25). Therefore, we know by Proposi-
tion the quadratic variation process (X7, X7 ) exists for each n € N.

It remains to take the limit n — co. Since X is continuous, we have 7, 1 co as n 1 co. Now,

(X, X):= lim (X™, X™)

n—>00

is well-defined by consistency, and it has all the sought properties (Exercise: check this!). O

This concludes the sketch proof of Theorem [8.35

8.3.6 Quadratic variation of uniformly L?-bounded martingales (*)

The next lemma will be useful when using the Hilbert space L?(M) (cf. Definition to
construct a stochastic integral w.r.t. a continuous L*-bounded martingale M € M? in Section

Lemma 8.43. Let M € M2. The process M?— (M, M) is a continuous UI martingale and

E[(M,M)o] = E[(Mo — My)?] < oo. (8.20)

Proof. By property we know that (M, M) € V! is an increasing process, so its long-term
limit (M, M)o := tlim(M , M) exists almost surely in [0, +oco]. To evaluate it, consider

Tp i=nf{t >0 | (M, M); >n}, neN,

(which, as before, are stopping times by Lemma as hitting times of the continuous process
(M, M) to the closed set [n,c0)). Since ¢t — (M, M), is increasing, we have 7, 1 oo a.s.

As before, we note that

> the stopped process (M2 — (M, M))™ e M!¢ is a local martingale for each fixed n € N
(cf. Exercise , since M? — (M, M) e M¢ by property [QV2}
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> since M € M2 (so ||| M |||sup < 00 by assumption), we also have

|(M2—(M,M))t7”\ = |Mt2ATn—(M,M)tMn| < stlj(I))Mf +n < oo, neN, t>0,
—_—
< I M [[lsup

so (M? - (M, M))™ is bounded and thus a UI martingale (cf. Exercise [8.25]).
Now we can use Optional Stopping Theorem for UI martingales (Theorem to conclude that
E[M? - (M,M), ] = E[M{ - (M,M)y] = E[M]. (8.21)
—_——
=0

Taking n — oo, we obtain

E[M2] = E[ lim M2 |

n—00

lim E [an] [by Dominated Convergence Theorem|

n—>00

E[Mg] + lim E[(M,M)-,] [by §2T)]
E[MZ] + E[ lim (M, M)Tn] [by Monotone Convergence Theorem]

E[MZ] + E[(M, M)o].

Using the Sophomore’s dream trick from ((7.13]) in Lemma we can write this as
E[(M, M)e] = E[MZ] - E[M{] = E[(Moo — Mp)*] < oo,

which proves (8.20). It remains to argue that M2 —(M, M) e M'°¢ is a continuous UI martingale:

|MZ - (M, M);| < supM? + (M, M), [since t — (M, M), is increasing|
t>0 R
~— < M,M)oo
<M Yllsup
< 1M |llsup + (M, M)oo € L'(P), >0, [by B:20)]
so Exercise shows that M? — (M, M) is indeed a continuous UI martingale. t

8.3.7 Quadratic covariation

Proposition 8.44. (Quadratic covariation) For X, Y € M'¢, there exists a unique process
(up to indistinguishability) denoted (X,Y) = ({X,Y )¢ )10 such that the following hold:

QCVL1. (X,Y) eV, is a (continuous) finite-variation process;
QCV2. t» X3 Y —(X,Y); is a continuous local martingale, i.e., it belongs to MICOC.
Moreover, the following convergence of processes holds:

[2"¢]
> (Xnon = Xe-1y2n) (Yaz-n = Y(p-1)2-n) = (X,Y),  t20, (8.22)

k=1 n—00

in probability uniformly on compacts (cf. Definition , and in particular, in probability
pointwise in time.

Proof sketch. We know from Theorem and linearity (Exercise [8.22) that the local martin-
gales X +Y € M have quadratic variations (X +Y, X +Y) € V.
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> The process (X,Y) can be constructed as

(X,Y) . Z_11(QX+Y _ QX—Y)’

where QX*Y := (X+Y, X +Y). Then, it follows from properties & of the quadratic
variation that (X,Y’) satisfies the sought properties [QCV1| & [QCV2| (cf. Exercise |8.45)).

> The uniqueness of (X,Y") is the content of Exercise

> The convergence (8.22)) is the content of Exercise O

Exercise 8.45. Let X,Y € M!°° and define Qfﬂy =(X+Y,X+Y): and Qf(‘Y =(X -Y,X -Y)+, and set
(X, Y)e:=3(QF -QF ),  t20

Show that (X,Y’) satisfies properties |(QCV1|and [QCV2|in Propositionm

Exercise 8.46. Let XY € MICOC. Prove that their covariation process (X,Y’) is unique up to indistinguishability.

Exercise 8.47. Let X,Y € M!°° and let (X,Y) be their covariation process. Prove the convergence (8.22)).

c

Exercise 8.48. Prove that the assignment (X,Y) = (X,Y) is a R-bilinear and symmetric map M°¢x MI°¢ - V.

Exercise 8.49. Let A € V. be a continuous finite-variation process and X a continuous stochastic process. Prove
that the following convergence holds almost surely (yielding that (A, X) =0, as discussed below):

n

> (Agan = Age1yan) (Xpa-n = X(g1)2m) — 0.
=1

Thanks to Exercise[8.49] we can also define the quadratic variation and covariation involving
any continuous finite-variation process to equal zero: for example,

(A,C):=0 and (A, X):=0=: (X, A) for any A,C €V, and X e M°,

This extends by linearity the definition of quadratic variation and covariation (-, -) to an R- bilin-
ear pairing for all continuous semimartingales from Definition 8.1} for a pair of semimartingales

Y =Yy+ X +A,

. Xo=Ao=0=No=Cy, Yo, ZoemF
Z:ZO+N+C 0 0 0 0 0, 0 0

where X, N ¢ /\/llcoC are the local martingale parts and A, C € V, the finite-variation parts, we set

(Y,Z) = (Yo+ X+ A, Zg+ N+C) = (X + A, N +C) (8.23)
= (X,N)+(X,C) + (A,N) + (A,C) =(X,N) (8.24)
=0 =0 =0
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Exercise 8.50. Let XY € MICOC, and let (X,Y) be their covariation process. Let 7 be a stopping time and
consider the stopped processes X7 = (X¢ar)t20 and Y7 = (Yiar )t20. Prove that we have

(X7, Y ) = (X, YT ) = (X7, Y )t =(X,Y )tar, t>0.

Exercise 8.51. Consider Brownian motion in the Euclidean space R™, which is defined as the vector-valued
process By = (Btl e ,Btn ), t > 0, where the components are independent one-dimensional Brownian motions.
Calculate the quadratic covariation processes t = (B, BU)Y, for i,5 € {1,...,n}.
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9 Stochastic integral

Consider still a filtered probability space (2, #,F,,P) satisfying the usual conditions. It is
possible to define a general stochastic integral of a progressively measurable and locally bounded
process H with respect to a continuous local martingale X € M via the following strategy.

> First, define a stochastic integral for simple (or elementary) processes H, which are bounded
progressively measurable processes taking finitely many values (see Definition , with
respect to L2-bounded martingales X = M € M? (see Definition [9.5).

> Next, approzimate a more general process H by simple processes H(™ in a suitable sense:
g =2 H,
where the convergence holds in a certain Hilbert space (see Proposition [9.11)).

> Then, show that for X = M € M2, the integrals of the simple processes,

(fOtHS(") dMS)neN, £>0, (9.1)

form a Cauchy-sequence in the space Mz of all uniformly L?-bounded continuous martin-
gales. Because ./\/lg is a Hilbert space (by Theorem [7.16)), the Cauchy-sequence ({9.1]) must
converge to some process in M2, which by definition is the integral of H with respect to M:

t t
(n) it _.
(f #™an,) ([ Hoam) = ((H 0,
(See Theorem [9.12]) Note that this is a weaker notion than the pathwise integral.

> Lastly, an integral process H e X can be defined for any progressively measurable locally
bounded H and for any local martingale X ¢ MICOC via a localization (that is, truncation by
suitable stopping times and a limiting procedure) argument (see Section [9.4)).

Without mentioning it explicitly, we shall consider all processes up to indistinguishability,
that is, we identify all processes Y and Y that agree almost surely at all times (cf. Definition |1.20)

P[Y; =Y, for all t > 0] = 1.
A fortiori, such processes are defined P-almost everywhere.

9.1 Stochastic integral w.r.t. quadratic variation and the space L?(M)

By Theoremm any martingale M e M? has a unique quadratic variation process (M, M) € V',
which importantly is an increasing finite-variation process. Hence, by Proposition from
Section we know that the pathwise Lebesgue-Stieltjes integral
t
(H o M), = fo H, d(M,M),, >0,

is well-defined P-almost everywhere for any progressively measurable process H such thaﬂ

¢
/ | Hs| d(M,M)s < oo almost surely for all £ > 0.
0

2ONote that since (M, M) is an increasing process, we have | d(M, M)| = d(M, M).

101



Moreover, in this case H e M €V, is a (continuous) finite-variation process as well. It turns out
that the following Hilbert space L?(M) built from the integral w.r.t. the measure d{M, M) is
useful for the construction of more general stochastic integrals.

Definition 9.1. (L2-space w.r.t. L?-martingale) Fix a uniformly L2-bounded continuous
martingale M € M2, Define a norm

| H |20y = (E[/OOOHE d<M’M)S])1/2 e [0,+00], (9.2)

and define the real vector space
LA(M) = {H = (Hy)tz0| H is progressively measurable and ||H/||z2(ar) < oo},

whose elements are identified up to the equivalence relation induced by identifying[ ele-
ments with the same value of || - [|z2(ar):

H=0¢L*(M) — | H |lz2(ar) =0
— fomﬂgd(M,M)szo P-a.s.

— H; is zero P-a.s. almost everywhere in [0,00) 5 ¢

w.r.t. the quadratic variation measure of M.

“Strictly speaking L?(M) should be defined as the quotient space up to this equivalence relation.

With the above identifications, the space L?(M) also has an inner product,
(H,K)LQ(M) :=IE[[0 H, K, d(M,M)S], H,KELQ(M). (9.3)

Importantly, the space L?(M ) is a Hilbert space, see Theorem

Exercise 9.2. Prove that (9.3) is an inner product and (9.2) a norm on L2(M) (as in Definition [2.12)).

For each M e M?, the space L?(M) is an L?-space with respect to the finite measure
dpar = dP @ d(M, M)
on the measurable space (2 x [0,00),Z). The measure of a set G € & is
un[G] = ]E[[O g (w,5) A(M, M), = [Q fo o(w, ) d(M, M), dP (w).
The total mass of pyy is
par[2 x [0, 00)] = E[fo (M, M),] = E[(M,M)w),

which is finite by Lemma [8:43]

Theorem 9.3. The space L?(M) is a Hilbert space with inner product (9.3)). In particular,
(L2(M), || - llz2(ar)) is complete.
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Proof idea. Exercise verifies the structures for L2(M ) as an inner product space and as a
normed vector space. To show that (L2(M), || - || £2(wm)) is complete (cf. Deﬁnitio, a very
similar proof as for Theorem [2.20] works. Indeed, note that the proof of Theorem [2.20[ only uses
measure theoretic tools, which hold for any finite measure. Thus, after replacing in Theorem [2.20

> the probability measure dP by the finite measure duys := dP ® d(M, M);
> the norm || - ||z2 by the norm || - ||[z2(ar);

> and the norm || - ||z :=E[| - |] by the norm

|l =E[ [ 18] a(d,a0),],

and noting that both the Cauchy-Schwarz Inequality (Lemma [2.17)) and Lemma hold
on these spaces as well (with very similar proofs), the same arguments go through

to show that any Cauchy-sequence in (L?(M),]| - llz2(ary) converges in (L2(M),]| - lz2(ar))-
We leave the details as an exercise for readers interested in measure theory. O

9.2 Stochastic integrals of simple processes

Similarly to the development of Lebesgue integral, the first step towards developing a general
stochastic integral is to make sense of it for piecewise constant (simple) functions.

9.2.1 Integrals of simple processes

Definition 9.4. H : (0,00) xQ — R is a simple (or elementary) process if it has the form

Hi(w) = kzl AL RIO) (9.4)

where 0 =tp <t; <---<t, and each { : > R is a bounded F;, ,-measurable r.VE|

“Processes of the form (9.4) are also often called predictable — cf. Remark [8.18

A
5 T
3 —
o S PR PR T VI TSN
3.1 — P
551 —i

Ilustration of a simple (elementary) process in Definition

Definition 9.5. (Simple stochastic integral) Let M e Mﬁ, and let H be a simple process
as in (9.4). The stochastic integral of H with respect to M is defined as

(H o M)s(w) := égk(w) (Min,(w) = Mipg, , (w)),  t20, weQ. (9.5)
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One can think of (9.5 as a left Riemann sum. Note that it is important that one takes the
random variables &, € F;, , giving the values of H to be measurable at the left endpoints of the
time intervals (tx_1,tx]. This will be evident in arguments using the martingale property of M.

Lemma 9.6. Let M € M?, and let H be a simple process as in (9.4). Then, the stochastic
integral (9.5)) is a continuous uniformly L?-bounded martingale: H o M € M%

Exercise 9.7. Prove Lemmal[0.6l Hint:
> Continuity follows from the continuity of M.
> The martingale property is analogous to the proof of Proposition@
> To prove that H e M is uniformly L?-bounded, you can use its definition, expand it into a double sum,
note thaLemma @ only the diagonal terms survive, and finally use the Sophomore’s dream trick

(Lemma [7.18) to obtain a telescoping sum. The L?-boundedness then follows from the L?-boundedness of
M and the boundedness of the values & in (9.4).

Lemma 9.8. (Orthogonality trick) On a filtered probability space (Q, F,Fe,P), consider
a martingale M, two bounded random variables £,m, and times 0 <r <wu < s <t such that
EemF, and n e mF,. Then, we have

E[¢ (My - My) n (M - My)] = 0. (9.6)

Proof. Note that £ (M, — M, )n € mFs. Hence, using the Tower Property (item 4] of Lemma ,
we see that

E[¢(My - M) n(M; - M,)] = E[E[¢ (M, - M,) n(M; - M) |F]] [by item [ of Lemma 28]

E[& (M, - M) nE[M; - My|F,]].  [by item [5] of Lemma[2.§]

The inner conditional expected value vanishes by item [I] of Lemma [2.8] linearity, and the mar-
tingale property [MG3| of M:

E[M; - M| F,] = E[M;|Fs] - M, = 0.
This shows . O

9.2.2 Itd’s isometry for simple integrals

Fix M € M?. Recall the Hilbert space structure of (MZ,]| - |[ss2) from Section 7.2, The next
result shows that stochastic integral of simple processes H (Definitions and [9.5)) with respect
to M forms an isometry between (L*(M),]| - |lr2(ary) and (M2, || - ||ae2):

(LM, - lz2ary)  — (M2 llaz),  H > HeM.

Proposition 9.9. (Isometry) Let M € M2, and let H be a simple process as in (9.4).
Then, the stochastic integral (9.5)) satisfies the isometry property

I1HoM|pe = E[(HeM)Z] = [ HI[2(- (9.7)
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Proof. Since &, € Fy, |, we see that

E[(HeM)%] = E[(H e M)} ] [(H o M); constant for all ¢ > t,]

S E[& (M, — My, ) &o(My, - My, )]
k=1

= > S E[&(My, - My, ) &(My, - My, )] [by Lemma

T
I

E [fl% (Mtk - Mtk—1)2]

M=

k=1
- YE[E[& (M, - My, )| Fopt]] [by item [i] of Lemma
k=1
n ) 9
= Y E[GE[(My, - My,_,)" | Fp, ] [by item [5] of Lemma [2.8]
k=1
= i E [fz E [(Mf]C - MEk—l) | Fir s ]] [by Sophomore’s dream, Lemma
k=1
= EE[éz«MvM)tk _<M7M>tk—1):| [by Lemma
k=1
E[ ttk 3 d(M, M),] [€2 is constant]
k-1

Il
T

[ HZ A = 1 H B
O

Since H ¢ M € M? by Lemma the left-hand side of the identity (9.7 is finite. Hence:

Corollary 9.10. Let M € M?. Then, any simple process H as in (9.4) belongs to L*>(M):
S:={H = (Hy)w0| H is simple as in (0.4)} c L2(M).

Moreover, any boundecﬂ progressively measurable process H belongs to L*(M).

“There exists C' < oo such that |H| < C for all ¢ >0 almost surely.

Proof. This follows from Proposition with the observation that if H; < C almost surely for
all s >0, then using Lemma [8.43] we have

f H? d(M, M), < CQf d(M, M), < C* (M, M) < 0o almost surely.
<C?

O

In Proposition we will show that for each M € M2, the space S ¢ L?(M) dense. This
enables the construction of stochastic integrals as limits of simple ones (see Theorem [9.12]).
9.2.3 Simple processes are dense

We shall next discuss the crucial fact that, for each M € Mﬁ, the space S ¢ L?(M) of simple
(elementary) processes is a dense vector subspace of L2(M). Thus, we can approximate general
processes in L2(M) by simple ones.
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Proposition 9.11. (Density) Fiz M € M2. Then, the space of simple processes,

(Sa‘l ’ ||L2(M)) S (L2(M)7H ’ HLQ(M))v

is a dense subspace of (L*(M),]| - 2 (ar))-

We give two sketch proofs for the density of S in L?(M). The first one has a functional
analysis flavor — see [LeG16l Proposition 5.3] for more details. The second one is an adaptation
of an analytic approximation argument that also works in the special case of Brownian motion
— see [MP10, Chapter 7| for this alternative approach.

Proof sketch 1. Since L?(M) is a Hilbert space by Theorem to prove the density
S=L*M),

it suffices to prove (cf. Exercise [2.14)) that the orthogonal complement S* = {0} w.r.t. the inner
product (9.3) is zero. To this end, we consider K € L?(M) such that (H,K)r2(a = 0 for all
H €8, and we aim to prove that K =0 (up to the equivalence relation in Definition :

K=0eL*(M) — K, is zero P-a.s. almost everywhere in [0,00) 3¢

w.r.t. the quadratic variation measure of M.

For this, it suffices to prove that

fo K, d(M,M)s=0 P-as.

Claim. We will prove the stronger statement that the process X = (X})s0,
t
X, = (K o (M, M)); = f K, d(M,M),,  t>0,
0

is indistinguishable of the zero process: X =0, P-a.s.

Let us first record that X is well-defined. Using Cauchy-Schwarz Inequality (Lemma [2.17))
for the L%-space L?(M) and the corresponding L'-space, we see that

1/2

IN

. . 1/2
sl 1 an ] < (B[ [ &2 a0000.]) elox 0.0)

IN

- 1/2
(5 7wz ara0.]) - (uuox o)) < o 120
[ S —
—E[(M,M)w] < oo

= ||K||L2(M) <00
(Note that the total mass of pys is finite by Lemma )

We may conclude in the following manner.
> On the one hand, Proposition [8.17] shows that X €V, is a finite-variation process.
> On the other hand, if we show that X € M}I,OC, then Theorem implies that X =0, P-a.s.
In fact, X = K ¢ (M, M) is a martingale. Let us check the properties MGIHMG3

> (MGI)): For every t > 0, the random variable X; := (K o (M, M)), is Fi-measurable, since
the process K o (M, M) is adapted by Proposition
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> (MG2): For every t > 0, the random variable X; € L*(IP) is integrable:

B0 < B[R] dan0n,] < o

> (MG3): To argue that X has the martingale property (MG3), that is, E[X;|Fs] = X
almost surely for every 0 < s < ¢, we can use property [CE3|in Definition[2.1]of the conditional
expected value E [X;|F]. Indeed, note that for any E € F, we have

E[]JE (Xt _Xs)] : E[]JE ((K° <M7M))t - (K' (MaM»s)]
E[1p ftKT d(M, M), ]

(]JE]J(s,t] ’ K)L2(M) =0,

using the assumed orthogonality of K with the simple process 1g1l 4 € S. Then, after
using the Tower Property to condition on F; on both sides, we find that

0=E[E[1g(X;-Xs)|Fs]] [by item [4] of Lemma [2.§]
= E[E[Ug X¢|Fs] - E[Vp Xs|Fs]]  [by linearity]
= IE[]JE (IE [X:| Fs] - XS)], [by itemof Lemma , as 1p, X5 € mFy]

which shows that E[X;|Fs] = X by property and linearity. This shows [MG3

We conclude that X is both a martingale and a finite-variation process, thus zero. O

Proof sketch 2. By Corollary all bounded progressively measurable processes belong to
L?(M). Moreover, any process K € L>(M) can be approximated by such processes: truncations

(w,t)  —  Ki(w) Vg, ()| <ny (1)

are bounded and converge to K in (L?(M),]| - lz2(ar)):
1K = K Vg <y 720y = ”KH%P(M)E[[O Uk sn) d<M7M>s:| = o,

applying Bounded Convergence Theorem (BCT) [Kyt20, Corollary VII.21] to the finite measure
dpps = dP ® d(M, M). Hence (by the triangle inequality), to prove that the simple processes
(8.1l - lz2(ary) form a dense subspace in (L*(M), | - [|r2(ar)), it suffices to prove that

any bounded progressively measurable process can be approximated
by simple processes in the Hilbert space (L*(M),]| - lz2(a))-
> For a bounded continuous H € L?>(M), define the simple processes H (") ¢S as
n27b

HW) = S Hey (@) 1,00 (),  t20.
¢ (w) k; ) (@) o 0 (8)

where ™) = (j —1)277 are dyadic times, j € {0,1,...,n2"}, and H ») € mF . because H
. J . tk—l tk—l
is progressively measurable (hence adapted).

Then, again applying BCT [Kyt20, Corollary VII.21] gives

oo [ n2" 2

k=12
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n2" 2
S [ ( g (kn)l ) ]J(tl(én)l’t](cn>](8)) d<M7M>s:|
oo n2"
+ [ ( | Z Ui o0y (8) Wy ooy (8) [ Hyoy = Hs |) d(M, M)s]

=0

A |Hs|2]-|[n2*”,oo)(5) d<M7M>s:|7

+
=
| —

n—>00

— 0 by BCT

where the only term that potentially survives in the limit n - oo equals

oo [ n2™ 2
Ef Hey -H) 1 oo n A(M, M),
[ ) (,;( o, ~ ) <t,aa,t,a>]<3>) { >]

0o n2™
H n H n _Hs ]J n n ]J n n d MJM S
[fo k;1 () = H,)( ) ) 1) 11 (8) Ty o () )

=6k 1 s
kL (t](cyi)lvtl(cn)]( )

0o N2
2 n—o00
8| 78 Gy - 1 g o) A,

again by BCT and the continuity of s » Hj.

> For a general bounded process N € L?>(M), again by the triangle inequality (exercise) it
suffices to approximate N by bounded continuous processes N e L2(M):

1 t

(n)
N, =
! (M, M), — (M, M) 1), Jt-1/n

Ny d(M,M),, 20, neN,

each of which represents an average of N on the time-interval [¢—1/n,t] w.r.t. the measure
d(M, M). Note that, since N is progressively measurable and Nt(n) only depends on its
values for times up to ¢, the process N(™ is indeed progressively measurable. It is continuous
similarly as in the proof of Proposition [8.17 Moreover, applying Dominated Convergence
Theorem [Kyt20, Theorem VII.19] to the finite measure duys := dP ® d(M, M), we have

n—00

|N-N™ 2oy — 0,
because the following convergence holds almost surely for d{M, M)-almost every t:

1

(n)
Vi) = N S Ao T G

Yi-1/n (W) -[t—l/n|Nt(w) — Ny(w) | d(M, M)s(w)

n—oo

9

by Lebesgue differentiation theorem for the Radon measure d(M, M) [Kin23, Theorem 4.30].

In conclusion, we have argued that any K € L?(M) can be approximated by bounded processes
in L?(M), which in turn can be approximated by simple processes in L2(M). O

9.3 Stochastic integral w.r.t. L>-bounded martingales: Itd’s isometry

We can now extend the definition of the integral H e M = [ HdM to a general H € L?>(M) from
the dense set of simple processes S. The result is usually referred to as [td’s isometry.
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Theorem 9.12. (Itd’s isometry) Fiz M € ./\/lg Then, there exists a unique linear map
v (LM, || - lzny) — ML lme)s B = In(H),

such that

ITOL. for any simple H €S, we have In;(H) = H « M (Definition [9.5);

ITO2. for any H € L>(M), the following isometry property holds:

12 (H) llpz = [1H {22 (ary- (9-8)

Definition 9.13. ;| (Stochastic integral) Using Theorem we define a stochastic
integral of any H € L?(M) w.r.t. M € M? to be the martingale

([ Haan) = (o b)) 0= (Du(H)))yy € M2

Proof of Theorem[9.13. The claim already indicates that we should define In;(H) = H e M for
each H € §. Then, the isometry property holds in this case by in Proposition

Step 1. For a general process H € L?(M), by Proposition we can pick a sequence of
simple processes H(™) € S converging to H in L*(M):

n—oo

I|H™ - H|[j2ry — 0.

Since all convergent sequences are Cauchy, we see that (H(™),,ay is a Cauchy-sequence in L2(M),
and the isometry property for simple processes shows that (Iy;(H™))pey is a Cauchy-
sequence in M2. By completeness of (M2 - || Mmz) from Theorem it must converge to
some element N € M2, We define

Inv(H):= N := lim Iy, (H™).
n— 00
Asserted isometry property holds for Ip; thus defined, by continuity of the norms.

It remains to be shown that the definition of I;(H) does not depend on choice of the ap-
proximating sequence for H, and that the linear functional thus defined is uniquely determined.

Step 2. To show that Ij;(H) does not depend on choice of the approximating sequence for
H, let us consider two approximating sequences:

n—>oo n—o0o

IH® = Hllppgr = 0 and KW -Hllpan = 0.

Indeed, the isometry property and the triangle inequality together imply that

123 (H) = Tp (K™ |y = 1H™ = K200

| 2™ - H |20y + | K™ -Hllp2oy  — 0,

IN

-0 -0

which shows that the limits lim Ip;(H™) and lim I;(K ™) are equal in M?2.
n—oo

n—oo
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Step 3. To show that Ip;(H) is uniquely determined, note that if

L, Do+ (2D, |- Nlzany) — (M2 Hz)
are two linear isometries which agree on the dense set S ¢ L2(M), then by the triangle inequality,

| Ias (H) = Tag (H) || a2
< | I (H) = Tng (H™) gz + 1 Tag (H™) = Tog (H) gz + | Tag (H™) = Tag (H) || a2

-0 =0 -0
= o,
which shows that Ip;(H) = Tp/(H) in M2, O

Using [t6’s isometry, one can check that the integral thus constructed agrees with the left-
Riemann approximation. Note that the right-Riemann approximation will give a different result
(cf. Exercise 9.16) — unlike in the case of usual Lebesgue-Stieltjes integrals!

Proposition 9.14. (Riemann sum approximation) Let M € M? and let H be an adapted
continuous bounded process. The following convergence of processes holds:

|24 e ¢
>, Hi-yon (Mpg-n = M(_1)a-n) — fo HsdM; (9.9)
k=1

in probability uniformly on compacts (cf. Definition , and in particular, in probability
pointwise in time.

Exercise 9.15. Prove Proposition [9.14] via the following steps.
1. For t >0, define ¢, := 27" [2" ¢| and Ht(n) := Hy,, for n € N. Show that

(2™ ¢]
(H™ e M)y = 3 Hee_rya-n (Myg-n = M(_1ya-n) + Hy, (My = My,).
k=1

2. Show that |[H(™ - H|| 25y — 0.

Hint: You will need both the Bounded Convergence Theorem for an expression of type f0°° Ksd(M,M)s
(which is a finite measure), and the Dominated Convergence Theorem for the expectation of an integral.

3. Using Itd’s isometry (Theorem [9.12)) and Doob’s L2?-maximal inequality (Proposition [7.14)), show that

n—o00

E[(Sf;lg'(H(n).M)t_(H.M)tDQ] — 0.

4. Usingand Markov’s Inequality (A.5), show that for any € > 0, we have
P[Sup|(H(’ﬂ).M)t—(HOM)t|>5] omd 0.
t>0
5. Conclude the following convergence in probability uniformly on compacts:

[27¢] oo ¢
> Heg-nyz-n (Mpg-n = M(_1yan) "= /0 HsdMs.
|
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Exercise 9.16. Let M ¢ ./\/lg and let H be an adapted continuous bounded process. Prove that

lQWtJ P t
> Hyzn (Mg — Mgoiypn) = fo H.dM, + (H,M),.
k=1

Hint: Adapt the proof in Ezercise[J.15

Recall that H e M € M? is a martingale for all M € M? and H € L?(M), so it has a quadratic
variation process (H o M, H o M) € V' by Theorem

Proposition 9.17. (Kunita-Watanabe identity) Let M € M2 and let H be a boundecﬂ
progressively measurable process. The quadratic variation of H ¢ M is given by

i
(H.M,HoM)t:f H2d(M,M),,  t>0.
0

“There exists C' < co such that |Hy| < C for all ¢ >0 almost surely.

Exercise 9.18. Prove Propositionm Hint: Show first that the process
t
t > (HeM)? - fo H2 d(M, M), (9.10)
is a continuous martingale. For this, you can use Itd’s isometry to verify that for any bounded stopping time T,
2 T2
E[(HoM)?] = E[[ H2d(M, M), ],
0

which shows by Theorem that (9.10) is a continuous martingale.

9.4 Stochastic integral w.r.t. local martingales

The extension of the definition of Ité stochastic integral
t t
. . : (n)
(12300 = ( [ ma00) = ([0 ans)

for each progressively measurable process H € L?>(M) and for each uniformly L2-bounded mar-
tingale M € M? to more general integrals

((H.X)t)tz[) = ([)tHs dXS)tzO

for local martingales X € M!°¢ and for nice enough (progressively measurable locally bounded)
H can be done via localization — truncation of both X and H by suitable stopping times.

Definition 9.19. A process H is locally bounded if there exists a sequence of (non-
random) constants (Cy,)nen and a sequence (oy,)nen of stopping times such that almost
surely, o, T o as n 1 oo, and

sup | Hy |19 ,1(t) < Cn, for all n e N.
20
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For example, if H is continuous, we can take

op=inf{t >0 || H¢| > n}, neN.

Definition 9.20. (Stochastic integral) Let X e M and let H be a locally bounded
progressively measurable process. We define a stochastic integral

t
f H,dX,:= (HeX); = lim (H™ e X™),, 20,
0 n—00
where
Ht(n) = Hy ]J[O,Tn](t)a XtT" = Xinrn, t20,

and where 7, := o, A vy, is the minimum of the localizing stopping times o, 1 co for H
(Definition [9.19) and the following truncating stopping times for X:

vp =inf{t >0 || X;| > n}, n e N.

Exercise 9.21. Verify the following facts.
1. H™ e L2(X™) for all n e N.
2. For each t > 0, almost surely, the limit

n—oo

t
(H(">.an)t=f0 HMAx™ "2 (HeX):

exists and is well-defined, by using Lemma [9.22] given below.

Lemma 9.22. Let N € M? and K € L*(N). Let T be a stopping time. The following hold:
1. K1 € L*(N);
2. KeL*(N7);
. (KeN) =(K1lp,;)eN=KeNT.

Proof. The proof is straightforward but rather tedious. See [LeG16, Chapter 5] for details.

O]

Exercise 9.23. (Distribution of the integral over Brownian motion) Let f: [0,00) — [0,00) be a (non-random)
locally square-integrable function. Show that, for each ¢ > 0, the random variable

X, = fotf(s)dBS

is normally distributed. Find the mean and variance of X;.
Hint: Consider first f(s) = Xi_y ckl{e,_4,4,)(8), with 0=1g <t1 <<ty =t and ci,...,cn € R. Approzimate the
general case with these. What can we say about the limits of Gaussians?

By localization, one can generalize the Kunita-Watanabe identity from Proposition [9.17
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Proposition 9.24. (Kunita-Watanabe identity) Let X,Y € M and let H be a locally
bounded progressively measurable process. The quadratic covariation of H ¢ X and Y 1is
given by

t
(HoX,Y)t:fO Hod(X)Y)s,  t20.

Exercise 9.25. Prove Proposition m Hint: Show the claim first for simple processes H € S and L?-bounded
martingales X,Y = M, N € M2. Then extend this by density of S c L2(M) to general H € L>(M), and finally to
the general case by localization.

Proposition 9.26. (Stochastic chain rule) Let X € M and let H and K be locally
bounded progressively measurable processes. Then,

He(KeoX)=(HK)eX. (9.11)

In other words, the “stochastic differential” d is dual to the “stochastic integral” [ in a certain
sense. Indeed, writing (9.11)) in integral notation, we have

fdeKdX:[(HK)dX.

Proof. See [LeGG16 Theorem 5.6]. O
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10 It6’s Formula and applications

One of the greatest tools in stochastic analysis is the following generalization of the integration
by parts formula to stochastic integrals, due to Kiyoshi 1t6 — Theorem [I0.1} It applies to
integrals with respect to any continuous semimartingale (cf. Definition [8.1)):

YZYZ)+X+A, X():AOZO,

with initial value Yy € mJF,, where X € MICOC is a continuous local martingale and A € V. a con-
tinuous finite-variation process. In particular, Brownian motion is a continuous semimartingale,
since it is a continuous martingale (which has zero finite-variation part).

To set up the stage for Itd’s calculus, let us recall what we have accomplished thus far.

> In Section [8.1] we have defined a stochastic integral w.r.t. any continuous finite-variation
process as a pathwise Lebesgue-Stieltjes integral (in particular, in Proposition [8.17)).

> In Sections [9.2H9.4] we have defined a stochastic integral w.r.t. any continuous local mar-
tingale, in terms of approzimations by simple integral processes (see Definition and
Theorem & Definition — and a possible localization procedure using stopping
times (see Definition . Such construction is a weaker notion than a pathwise integral.

Thus, in summary, for any locally bounded progressively measurable process H, we can
define the stochastic integral of H w.r.t. a semimartingale Y by linearity:

fOtHdes - [OtHSdXS . fotHsdAS, £>0.
Note that here,
> the integral w.r.t. the finite-variation part A is a finite-variation process He A = [ HdA € V;
> the integral w.r.t. the local martingale part X is a local martingale He X = [ HdX ¢ ML"C.
We define integrals for multidimensional processes simply as integrals separately for each compo-

nent. (For complex-valued processes, we may consider the real and imaginary parts separately.)

10.1 Itd’s Formula

The simplest special case of [t6’s Formula states that for any continuous semimartingale Y and
a twice continuously differentiable function f: R — R, one can derive a formula analogous to the
Fundamental Theorem of Calculus, but which possibly includes a second order correction term
emerging from the quadratic variation of Y (as discussed in Section before Theorem :

F-f00) = [Tromave s L [T reramy, ez (o)

where the quadratic variation process (Y,Y) of Y = Yy + X + A is defined by using linearity and
the fact that the quadratic variation of its finite-variation part A is zero (as in Equation (8.23)):

(YY) = (X, X) + (A, A) = (X, X).
=0

In other words, the quadratic variation of Y just coincides with the quadratic variation of its
local martingale part. Using this, we can also write ({10.1]) in the form

f(Y2) - f(Yo) = [Otf'(Ys)dXs + fotf'(Ys)dAs + %/Otf”(}g)d(X,X)s. (10.2)

€ M}QOC € Vc
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Let us state a more general version of this formula, which holds in any finite dimension.

Theorem 10.1. (It6’s Formula) Let YO y@ YD pe continuous semimartingales
and f: R* > R twice continuously differentiable. Write Y; = (Yt(l), e ,Y;(d)) for brevity.
Then, the following formula holds:

1T - £(%o) = Z - [ @nyar? « g > [(0anFarOy®), 20

]kl

Proof sketch. The key idea is Taylor expansion for f and dyadic approximation of times. The
quadratic variation or covariation arises as an additional error term in the spirit of the integration
by parts formula . We give a sketch here for the gist of the one-dimensional case d = 1
(see [LeG16l Theorem 5.10] for details; the case of general d > 2 is very similar, but has more
complicated notation). We thus aim to prove Equation for a continuous semimartingale
Y and a twice continuously differentiable function f: R — R. For each n € N, we have

|27t]-1

f¥) = f(Yo) + 3 (F(¥hen) = fF(Y(ro1yan))

k=1

Using Taylor’s formula, we have
1 _n 2
FVhan) = F(Yryon) = ' (Yr)2-n) (Yazn = Ypo1yon) + §R,(§ ) (Yagon = Y(-1y21)

where the error term includes R(") f”({lgn)) for some fk [Y(k,l)z_n,Ykg-n]. We obtain

[27¢]-1 "t)-1
F) = F(%) = Y F'(Vaenyen) (Yeen = Y(o1)an) + Z ) (Vigon _Y(k—1)2*")27
k=1

k=1

l\DI»—\

— [y f(Ys)dYs — [o f7(Y) d(YY)s

by taking n — co. Indeed, for the first sum, one can use similar arguments as in Exercises [8.32
and (and localization via suitable stopping times for X if necessary) to show that

|-1
1;1 F Ye-1y2n) (Yign = Y(go1y2-n)
[2%-1 27|~

F YVeo1y2n) (X = X(go1yan) + 21 f (Yio1y2-n) (Akzn = Ag—1y2n)

=¥ [f(Y)dX - [ reaa.,

where the convergence holds in probability uniformly on compacts Similarly, for the second
sum, one can combine similar arguments as in Exercises [8.33 and [8:49 and the proofs leading to
Corollary [8.39] & Proposition [8:42] to anticipate that as n — oo, we have

R (Viarw ~ Yipeipn)

-1 |27 1

n 2 2
= Rl(c ) (ng—n - X(k_l)z—n) + (Akg—n - A(k_1)2—n)
k=1 k=1
Hfot F71(Ys) d{X,X)s —0
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]-1
R,(cn) (Xhan = X(-1)2-n ) (Akan = A-1)2-),
1

|27t
+

k

— 0

where the convergence holds in probability uniformly on compacts. The main caveat here is that
in the first term, one has to deal with the convergence of the derivative R,(gn) = f (¢ ,gn)) as well:

274 1y e(n) 2 n-ooo t "
> SE) (Ko - Xpeap)” =5 [ 0R)A(XX),
k=1 0

This relies on the uniform continuity of f and X on compact time intervals and is treated in
detail in the proof of [LeGG16, Theorem 5.10] (which is perhaps surprisingly elaborate). O

As a special case of Theorem [10.1] we obtain rigorously the stochastic integration by parts
discussed earlier in Section

Corollary 10.2. Let X,Y be two continuous semimartingales. We have
¢ ¢
XY = XoYo + fo X,dY, + fo Y,dX, + (X,Y),  t>0. (10.3)
In particular, when'Y = X, we have

t
X2= X242 f X dX, + (X,X)s,  t20.
0

Proof. Consider the twice continuously differentiable function f: R? » R defined as the product
f(x,y) = zy. Using its derivatives (91 f)(2,y) =y, (92f)(z,y) = z, (37 f)(z,y) = 0= (95 f)(2.y),
and (0102f)(x,y) = (0201 f)(z,y) =1, Itd’s Formula (Theorem [10.1)) gives (10.3). O

Exercise 10.3. Let B be a standard Brownian motion, and f : R? — R a twice continuously differentiable function.
Show that

J(But) - 70.0) = [Tonf(Bos)aBs + [[(02+208) f(Bo)ds, 120

Furthermore, if (92 + %af)f =0, show that the process defined as M := f(B,t) is a continuous local martingale.

Exercise 10.4. Let B be a standard Brownian motion and fix » > 0. Consider the exit time of B from [-r,7],
T=inf{t>0| By ¢ [-r,r]}.
1. Show that |B;| =r almost surely.
2. Define
[R? SR, flz,u) =2+ u,  with AeR.
Find those values of X € R for which the process defined as M := f(By,t) is a local martingale.

3. Let M be a local martingale as found in part Show that the stopped process M7 is a martingale and
calculate the expected exit time E[7].
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Exercise 10.5. (Brownian motion on the circle) Consider the process ((X¢,Yz))t>0 with coordinates X¢ = cos(By)
and Y; = sin(Bi), where B is a standard Brownian motion. Calculate E [X;] for ¢t > 0.

Hint: Find a suitable martingale. A good guess could be r(t) Xy, where r: [0,00) > R is a deterministic function.
Ito’s Formula leads to a differential equation for r, if you require this process to be a local martingale.

Exercise 10.6. (Qrnstein-Uhlenbeck process) Fix a, 0 > 0. Let B be a standard Brownian motion. Prove that
Xt = zoe™® 4 aﬁte_a(t_s) dBs, t>0,
is a solution to the stochastic differential equation
dX¢ =0dB; - aXdt, Xo =z €R,

that is, this equation holds in integrated form:

t t
Xt:xo+a‘/(; st—afO Xsds, t>0.

10.2 Applications — general recipe and gambler’s ruin

It6’s Formula is very useful for instance in applications where one is interested in solving formulas
for probabilities of given events, or expected values or distributions of given random variables,
involving continuous semimartingales. The general recipe in all such applications is the same:

1. Find a suitable (local) martingale describing the quantity of interest.
2. Use Optional Stopping to solve for the desired quantity.

To find Ansétze for suitable (local) martingales, one can use It6’s Formula (Theorem [10.1]) in
the following manner. Recall that for a continuous semimartingale

Y=Yb+X+A, X0=A0=0,

with Yy € mFy, and X € M¢ and A eV, (as in (8.1)), and a twice continuously differentiable
function f, the process f(Y) is a semimartingale, whose Doob-Meyer decomposition (8.1)) read@

o0 = g+ [Treax, o [renda s [Creoax ., o

[ S —
€ Mlec, local mgle part € Ve, finite-variation part

e mFg
It is common (and instructive) to write this integral equation in differential form:

1
Af(Y) = FODAXe + D) dAr + S 0D AX Xy, 120,
—_———
local mgle part

finite variation part

Note that f(Y') is a local martingale exactly when the finite-variation part vanishes:

t 1 rt
fo F1(Ys)dA, + 5[0 V) AX,X)s = 0 forall t>0.

This gives a recipe to construct local martingales from the semimartingale Y by choosing suitable
functions f. In many applications, such a choice is governed by solving a differential equation.

As an example, we consider hitting probabilities (Gambler’s ruin) for Brownian motion with
drift. Processes derived from Brownian motion enjoy another useful input, Markov Property.

2! An analogous decomposition holds for the multidimensional case, with slightly more complicated notation.
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Example 10.7. Let B be a standard Brownian motion. Fix x € R and p € R. Consider the
continuous semimartingale called@ Brownian motion with drift p, started at x:

Y= x + By + put, t>0.
—~ —— ——
e mFop EM}joc eV,

Throughout, let us denote by P, the law of Y, indicating the starting point Yy = z in the
notation; and by E, the corresponding expected value. The Markov Property (Proposition [6.12)
of B implies that for any fixed time ¢ > 0, the process (Y;)sso defined by shifting the time by ¢,

Y, = YViss, 5> 0, (10.4)

is also a Brownian motion with drift g, which is started at the random point Yy = Y, (and
independent of the past). This property enables us to construct tautological martingales by
conditioning on the time-evolution at the time instant ¢ (see Equation ((10.5])).

Fix a <2 <b. Consider the exit time of Y from the interval [a,b],
T:=inf{t >0|Y; € {a,b}}.
Write
f(z) = Po[Yy =a] = 1 - Po[Y; = b].
We can solve these probabilities using the aforementioned recipe. Let us first proceed by a useful

heuristic reasoning, and then make it into a rigorous proof (by sort of reverse engineering).

Step 1. We first find a suitable local martingale to encode the probabilities of interest. To this
end, recall that by the Tower Property (item 4] of Lemma , conditional expected values give
rise to a tautological martingale (precisely, we should consider the process stopped at time 7):

Mt = Ex[]J{YT:(Z}|]:t], tST,

The key point is that we can use the Markov Property to relate these conditional expected values
to the probability of the event {Y; = a}: indeed, writing slightly imprecisely, we find

Mt = Ex[]J{YT = a} |Ft:|
= Ey,[1{Y; = a}] [by the Markov Property (Proposition [6.1])]

Py.[Y7 =a] = f(}3), (10.5)

where 7 is the first exit time of the process Y defined in (10.4) from [a,b]. Thus, we deduce that
the process ((10.5)) is a local martingale for times ¢ € [0, 7). Its starting value is the probability
of interest:

]P)$[YT = a] =My = f(}/()) = f([l?)

Step 2. Next, we derive a general Ansatz for the function f(x). Anticipating that things
will work out, let’s assume that f is twice continuously differentiable. Then, we could use Itd’s
Formula (Theorem to find a differential equation for the function f. (We would then later
verify that out assumption was valid.) Indeed, It6’s Formula reads

My = My = f(V2) - f(Yo) = f(¥2) - f(2)

22T such a process, the finite-variation part, which is linear in time, is called a drift.
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[ ravar+ 5 [T rroaw,

t t t
[rraoan, e [Treas < 5 [T

and since M is a local martingale, the finite-variation part of this formula must vanish identically:

t 1 rt
1 /0 f(Ys)ds + 5_/0 f(Y)ds = 0 for all sufficiently small ¢ > 0.

This is equivalent to the differential equation
1
nf' @)+ 5 ) =0, yelab] (10.6)

Upshot. We have found a differential equation that f must satisfy if f is twice continuously
differentiable and f(Y;) is a local martingale. It is standard to find the general solution to (10.6]):

f(y) =Cre® 1+ Oy, (10.7)

where C1,C5 € R are some constants. To fix the values of these constants, we can argue by
imposing suitable boundary conditions for the differential equation, which we can guess from
our problem at hand. (Recall that we are still doing heuristic reasoning.)

Step 3. Recall that f(y) = My = Py[Y; = a]. Hence, evaluating it at y = a and y = b gives
fla) =Py[Yr=a]=1 and f(b) =Pp[Yr =b] =0,

since if starting at a, we immediately hit a and never b, while if starting at b, we immediately
hit b and never a. Plugging these values into the general solution ((10.7)), we find

-2ux —2ub

e —€

PolYr=a] = f(2) = —H——=u

This is the conclusion of our heuristic considerations.

It remains to turn the heuristics into a rigorous proof, using Optional Stopping.

Claim. The probability of interest equals

e—Q,ux _ e—2ub

Px[K— = a] = m. (108)

Let us denote the left-hand side of the asserted identity (10.8) as f(z) := P,[Y; = a], and the
right-hand side of the asserted identity (10.8]) as

( ) e—2,ux _ 672ub
x) = ——————.
g e—2na _ g—2pb

We aim to show that g(z) = f(x).
Step 4. Write M, := g(Y;) for ¢ > 0. Then, we can prove using Itd’s Formula that M is a local

martingale. Indeed, the right-hand side g of (10.8)) is clearly twice continuously differentiable.
Hence, Theorem gives

dM; = dg(Y;) = ¢'(Y1)dB,,  t>0.

This shows that M is a local martingale.
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Step 5. We aim to apply Optional Stopping Theorem to the local martingale M = g(Y").
To this end, note that since g is bounded on [a,b] 5 z, the stopped process M7 = (Myar)ts0 1S
a bounded local martingale, thus a “true” UI martingale (cf. Exercise . Therefore, we may
indeed apply Optional Stopping Theorem to obtain

g(x) = Mg = E[M]] = E[M].

Step 6. On the other hand, directly from the definitions, we can write the expected value of
M in terms of the probabilities of interest:

g(x) = E[M‘r] = g(a)Px[Y‘r:a] + g(b)Px[Y‘r:b]
= i(?lf(x) + i(f)l(l_f(x))
-1 =0
= f().

This is what we sought to prove. Let us summarize the discussion in the following proposition.

Proposition 10.8. Let Y; := x + By + ut, fort > 0, be a Brownian motion with drift p
started at x. Fiz a <2 <b, and consider the exit time of Y from the interval [a,b],

T=inf{t>0|Y; € {a,b}}.

Then, we have

6—2;wc _ 6—2ub

P, [YT = a] = o-2na _ p-2ub"
Proof. This was proven in Claim ((10.8]) in Example m O

Exercise 10.9. Let B be a standard Brownian motion and fix r > 0. Consider the exit time
Te=inf{t>0||Bs+z|=7r}.

Find the formula for the Laplace transform E[e~?7#], for 6 > 0, which determines the law of 7.

10.3 Applications — recurrence/transience of Brownian motion

Consider Brownian motion in the Euclidean space R™, which is defined as the process

B, =BY,...,BM),  t>0,

where the components are independent one-dimensional Brownian motions. Since Brownian
motion is the scaling limit of simple random walk (cf. Section , one would expect that it is
recurrent in dimensions d = 1,2 and transient in dimensions d > 3. We will next prove that this
is indeed the case — however, while in the planar case the probability that B returns to a given
point is always zero, instead, B is neighborhood recurrent, that is, it returns almost surely to
any given neighborhood of a point.
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> For n =1, we already know from Corollary that B (started at any point) returns to
zero infinitely often as t — oo, because it oscillates infinitely often. Hence, we have

P[for all ¢y > 0 there exists ¢ >ty such that By =0] = 1.
This means that B is point recurrent.

> For n = 2, almost surely, for every non-empty open set O c R?, the set {t > 0| B, € O} of
times when B visits O is unbounded. This means that B is neighborhood recurrent. (See
Theorem [10.14})

> For n > 3, we have
P[tlirg|§t|] -
This means that B is transient. (See Theorem [10.13])
Example 10.10. Exercise shows that
(BD BWY, =§,.t,  t>0.
For any twice continuously differentiable function f: R™ - R, It6’s Formula shows that
f(By) is a continuous local martingale if and only  if Af = 0. (10.9)

Thus, harmonic functions give naturally rise to (local) martingales from Brownian motion.
See [MP10] for a thorough discussion of the relation of Brownian motion with potential theory.

Let us apply the above observation to study recurrence/transience of Brownian motion in
R™. To investigate how far Brownian motion reaches, it is useful to study a radial function

f(ml,...,xn):gf(|:f|2), T=(x1,...,2,) €eR",
)

where |Z|=+/a{+ - +22 is the Euclidean norm. To construct local martingales, using the
observation (10.9)) from Example |10.10{ we seek a function gf: (0,00) - R such that Af =0. A
direct computation shows that

(Af)(@) = 42Pg7(|12 1) + 2ngp(|2 ).
Hence, we see that Af =0 if and only if
2r g}'(r) + ng}(r) =0, r>0.

A solution to this differential equation is given by gf(r) = 7‘277”, which is non-trivial when n # 2.
(The case of n =2 is the content of Exercise [10.11}) In conclusion,

2-n
2

Mya= | B = (B e (BI)) 2, 420,

is a local martingale by Example [I0.10], when the starting point of the Brownian motion is
B():f:(ajl,...,ﬁn) ERH\{O}.

Exercise 10.11. Show that for n = 2, the process M; := log| Bt | is a local martingale.

Next, we consider how far the Brownian motion reaches. To this end, fix the starting point
By=7=(x1,...,2,) € R"~ {0} and radii 0 < r < |Z| < R < o0, and define the stopping times

o =inf{t20]||B;|=s}, s€(0,00), and T =T, NTR.
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Note that 7 is the exit time of B from the annulus in R™ centered at the origin with inner radius
r and outer radius R.

Now, using the stopped martingale M", which is bounded and hence a “true” Ul martingale
(cf. Exercise , Optional Stopping Theorem gives the following explicit formulas.

> When n # 2, we find that

127" = |Bo*™ = My = Ez[M;] = v* " P;[|B;|=7] + R*"P;[| B;| = R]

from which we can solve for the probability that B hits the smaller radius r before the
larger radius R:

- |j|2—n_R2—n
Pz [r <7r] = P3[|B-|=71] = 2on _Reen (10.10)

> Similarly, when n = 2, we find that

_ log R -log|Z|

Pz [7 <7r] = Pz[|B-|=7] = og B~ Togr (10.11)

The next result gives a “non-recurrence” property for Brownian motion.

Proposition 10.12. Fiz n > 2. Consider Brownian motion B = (BM ..., BM™)Y in the
FEuclidean space R™ started at By =& € R™ ~ {0}. Then, we have

Pz [B; # 0 for all t > 0] = 1. (10.12)

Proof. Consider shrinking radii r := 1/k | 0 as k 1 co. The hitting times at those radii converge
a.s.: we have 7, 1 70 = inf{t > 0 | B; = 0}; the first hitting time of B to the origin. (Note that
70 > 0 almost surely, since B starts away from the origin.) The claim is equivalent to
P; [10 = +00] = 1. Assuming that n > 3, we can estimate this probability using Equation :

R |£,|2—n _ NQ—n koo
Palmm <7v] = Pal|Brl=m] = S—Fmm — 0 forallNel.

Therefore, we see that

Pi[ro<7n] = Pf;[klim Trk<TN] =0 for all N e N.
Using Union Bound ((A.4]), we thus obtain

]P){E'[TO<TN] = 0.

gk

P; [there exists N € N such that 7o < 7x] <

=2
1l

1

Now, since ¢ — By is (a.s.) continuous, we see that 7y 1 co as N 1 oo (a.s.), which shows that
Pj[70<00] =0 — Pj[T[):-i-OO] = 1.

As we already noted, this is equivalent to the claim (10.12)). One can similarly prove that the
claimed property ((10.12)) holds also for n = 2, using Equation (10.11]) (exercise). O
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The next result gives the transience property for Brownian motion.

Theorem 10.13. Fiz n > 3. Consider Brownian motion B in the Euclidean space R™
started at By = Z € R™ ~ {0}. Then, almost surely, we have

lim |Bt| = 00.
t—o00

Proof. Using Monotone Convergence Theorem [Kyt20, Theorem VIL.8|, we see that
Pz [1itrgi§f|ét| <oo] = lim P; [h{r_l)glﬂéd <r].

As before, consider the stopping times 7, := inf{t > 0 | | B;| = r}. Using the Strong Markov
Property (Proposition [6.12)), for each r > 0 we obtain

~ @ (N\>-
P; [liminf| By| <r] < Py [r<oo] 552 (2) " Noow 0
—00 R

B, , -

using the identity (10.10) with r > 0 and R — oo. This implies that

P; [liminf|By|<oo] =0 = Ps[liminf|B,|=c0] =1,
which also imples that tlim|Bt| = oo almost surely. O

Theorem 10.14. Fiz n = 2. Consider Brownian motion B in the Euclidean space R?
started at By =& € R2\ {0}. Then, almost surely, for every non-empty open set O c R?,
the set {t >0 | By € O} of times when B wisits O is unbounded.

Proof. See [LeG16l, Theorem 7.17]. O

We conclude this section with a few exercises applying the general recipe.

Exercise 10.15. Consider the process ((X¢,Y:))t=0 whose coordinates (X¢)t»0 and (Y:)i»0 are independent
Brownian motions started respectively from Xy € R and Y € R.

1. Consider the function p : R% \ {(0,0)} - (0,00) defined as p(x,y) = 2% + y?>. Find a non-constant twice
continuously differentiable function g : (0, 0) — R such that for f = gop, the process (f(X¢,Yz)):>0 is a local

martingale. Hint: You can use Ité’s Formula.

2. Given 0 <r < R such that r» < \/p(Xo,Yo) < R, define a stopping time

T=TpR= inf{t >0 |Vp(Xt,Y:) ¢ [, R]}
Show that (f(X7,Y;))t=0 is a bounded martingale.

3. For R >0, define
TR :=inf {t 20| /p(Xt, ) = R}.
Use Optional Stopping Theorem for the martingale in part |Z| to compute the probability
Plrr < 7r].

What is the limit of this probability as r | 07 How about the limit as R 1 co?
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Exercise 10.16. Let n > 3. Consider the process X = (Xt)tzoy X = (Xt(l), ceey Xt(n)) whose coordinates are inde-

pendent Brownian motions started from Xél), 500 ,Xén) € R such that the starting point Xo = (Xél)7 500 ,Xén)) €
R™ \ {(0,...,0)} is not the origin.

1. Show that the following process M = (M¢)¢>0 is a local martingale:

M; = RZ™ where Ry =\/(Xt(1))2+-~-+(Xt(n))2.
Hint: You can use It6’s Formula.

2. Prove that M is a supermartingale.

Hint: You can use Ezercise[8.23
3. Use the transience of the n-dimensional Brownian motion to show that M; — 0 almost surely as t — oco.

4. Show that E[M¢] — 0 as t - oo and conclude that M is not a martingale.

Exercise 10.17. Let B be a standard Brownian motion and fix r > 0. Consider the exit time of B from [-r,r],
T =inf{t >0 | |Bt + x| =7}.

Find the formula for the Laplace transform E[e® =], for § € R, which determines the law of 7.
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A Basic concepts from probability theory & stochastic processes

A.1 Basic definitions

Power set 2(Q) of a given set Q) is defined as Z(Q) :={E | E c Q}.

Exercise A.1. Find the power set 2(Q2) for the sets
> Q={1}
> Q={a,b,c}
> Q=N:={1,2,3,...}
> Q=R

What is the cardinality of &2(Q2) in these cases?

Probability space (,.#,P) consists of:

> sample space ) of possible outcomes w € €2;

> sigma-algebra F c P () of events E € F, satisfying by definition the properties
(contains the whole space): Q2 € F,

( (o]

(is closed under countable union): Ey, Es,...€ F = U E, € Z;

n=1

1.
2. (is closed under complement): Fe.% = Q\ FEe.7,
3.

(Q,F) is called a measurable space, and any F c € such that E € .Z is called measurable.

> probability measure P on the measurable space (2, %), satisfying by definition the properties

(is a non-negative function): P : .% — [0, +o0],

(is additive for countable unions): Ej, Es,... € .Z disjoint = IP’[ UlEn] = leP [E.],
n= n=

(

1.
2.
3. (gives zero mass for empty set): P[@] =0,
4. (has total mass equal to one): P[Q] = 1.

Recall that P satisfying properties is called a measure, and the additional property |4]is
a normalization condition such that the total probability equals one. For an event F € %,
the Valuﬂ P[E] is called the probability of E, or sometimes the mass of E.

Remark. Alternatively, a probability measure can be defined via the properties
. P: .7 -][0,1],
2. B1,E,,...e 7 disjoint = P[UE,]|= Y P[E,],
-1 -1
3. P[Q] =1, . !
since properties 27 & [37 imply
1=P[Q]=P[ouQ] =P[z]+P[Q]=P[z]+1 = P{@]=0.

#3Notation: it is conventional to write P[E] instead of P (E), but this is of course a matter of choice.
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Exercise A.2. Consider a finite or countably infinite set 2 with .# = 2(Q). Let p: Q — [0,1] be a probability
mass function satisfying Y p(w) = 1. Show that (2, 2(Q2)) is a measurable space and
we)

P: .7 -[0,1], P[E]:= Y p(w) for all £ e Z,
weE

is a probability measure on it. Conversely, given (§2,.%,P), construct a suitable p.

Exercise A.3. Write down (Q2,.%#,P) for k repeated independent coin tosses. How about taking k — co?

Random variable ¢ on the probability space (€2,.%,P) with values in a measurable space
(S,7) is a function £ : Q — S which is measurable, i.e., it satisfies the property

E1A) = {weQ|E(w)e A} € F for all (measurable) A € .7.

Commonly we abbreviate the left-hand side as £71(A) =: {¢ € A}, which represents the values of
the random quantity ¢ more intuitively — {& € A} asks for those values of £ that belong to A.

Exercise A.4. (Coin tosses) Take Q = {H, T} with # = 2(Q2) and P determinecﬂ by P[H] = % =P[T]. Consider
a Bernoulli random variable € : Q — {-1,1} defined as

E(H):=-1 and &(T):=1.
Find the probabilities of the events {£ = -1} and {£ = 1} and verify that

E[£]=0 and Var(§) = 1.

“For notational simplicity, we write P[H] and P[£ = 1] etc. instead of P[{H}] and P[{£ = 1}] etc.

Example A.5. Different types of random variables:

> Real-valued random variable (i.e., random real number): S = R with . = #(R) Borel

set@

> Random continuous function on the unit interval:
S=C([0,1],R):={f:[0,1] > R f is continuous}

with . = Z(C([0,1],R)) the Borel sigma-algebra with respect to the topology induced by

the uniform norm (i.e., sup-norm) || f || := sup | f(x)].
z€[0,1]

Distribution (law) of random variable ¢: 2 — S is the probability measure

Pe: 7 - [0,1], Pe[A] =P[£ecA] forall Aes

on (5,.7) induced by P and . (Exercise: check for yourself that this makes sense.)

24Recall that the Borel sigma-algebra Z(S) of a topological space S is generated by all open subsets of S.
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Probability density f¢ (with respect to the Lebesgue measure on R) of a real-valued random
variable £: Q@ - R on (Q,.%,P) is a function f¢: R - [0,+00) such that

Pe[A] = /Afg(x) dz for all (Borel sets) A € B(R).

Note that not all real-valued random variables have a density. We say that & has a continuous
distribution if it has a density. In this case, if f¢ satisfies the additional property

[ 1] fe(w) da < oo,
then ¢ is L(IP)-integrable, i.e., Qf(w) |dP (w) < oo. Then we also have
E[£] := fgf(w) dP (w) = ]R:Ufg(:v) dzr=m< oo, (expected value) (A.1)
Var(€) = E[(€ - m)?] = fR (2 - m)? fe(w) da < oo (variance). (A.2)
(These properties have been proven in the Probability Theory course, see [Kyt20, Chapter VIIL1].)

Remark A.6. The notion of density naturally generalizes to random variables & : Q - R"
taking values in a higher dimensional Euclidean space: f¢: R™ — [0, +00) such that

Pe[A] = ]A fe(zr, ... 2n) day - day for all (Borel sets) A € B(R").

Exercise A.7. Prove that if £ has a continuous distribution with density f¢, then

[lelfe@decos = [ |6@)|dP(w)<eo

Verify also the above formulas for the expected value and variance of &.

Example A.8. Different types of densities:

> Gaussian: for me R and s > 0,

v —m)2
)= (- 20, (A3)

If fe = f, then we denote £ ~ N(m,s?) and say that & is a Gaussian random variable.

> Exponential: for A > 0,

Xe ™M x>0,
€T =
/(@) {O, x < 0.

If fe = f, then we denote £ ~ Exp()\) and say that £ is an Ezponential random variable.

Independent random variables &£,7: ) — R on the same probability space satisfy by defi-
nition the following equivalent properties:

1. (factorization of joint cumulative distribution function): P[é <z, n<y] =P[{ < z]P[n<y],

2. (factorization of joint law@: Pen=Pe®Py

*Recall that Pe,[A] :=P[(&,7) € A] for all A e B(R?) defines the joint law of € and 7.
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If they have a joint density fe,, : R? - [0,+00), then properties |1| and |2 are also equivalent to
3. (factorization of joint density): fe,(z,y) = fe(x) f,(y) for Lebesgue-almost all (z,y) € R?.

(These properties have been proven in the Probability Theory course, see [Kyt20, Chapter X.3].)

Exercise A.9. Suppose that £ and 1 have a joint density f¢ ,, : R? - [0,+00). Show that then both £ and 7 have
individual densities (called marginals). Does the converse hold?

Exercise A.10. Suppose ¢ ~ N(my,52) and 7 ~ N(mg,s2) are independent. Calculate the characteristic function
i0
Pesn(0) = B[]

and conclude that £ +n ~ N(my + mg,sf +5%). Find also the joint distribution of (&,7).

Exercise A.11. Let C € R™*"™ be a symmetric positive definite matri and let m € R™ be a vector. Define
n 1 1 T ~-1 n
p: R® >R, p(w)::gexp(—i(m—m) C (:Jz—m))7 xeR"”,

where Z is a constant.

(a) Calculate [z, p(x)de, and show that p is a (correctly normalized) probability density on R™ if
Z = (2m)™?\/det(C).

Hint: First, make a change of variables (translation) to reduce to the case m =0. Then, make an orthogonal
change of variables to a basis in which C is diagonal.

(b) Choose Z as in part (a). Let & = (£1,€2,...,&n) be a random vector in R™ which has probability density
p: R™ - Rasabove. Let a = (ay,...,an) € R™. Calculate the characteristic function of the linear combination

G,'&: Zajﬁj.
j=1

aSymmetTic means C;; = Cj; for all 4,j. Positive definite means »T Cv >0 for any v e R™ \ {0}.

Stochastic process X on the probability space (€2,.%,P) indexed by a set I with values in a
measurable space (S,.7) is a collection X = (X;);e; of random variables X; : - S. The index
set I is usually either a discrete set, such as N, or a subset of the reals, such as [0,1] or [0, o).
In these cases, we speak of a discrete-time or a continuous-time stochastic process, respectively.
Each value X;(w) describes a random position of the process. When I = [0, 00), it is also natural
to think of ¢t » X;(w) as a random function [0,00) — S, or alternatively, a random path on S.

Two stochastic processes X and Y are said to be independent if, for any sets ¢1,...,t, >0 and
S1,...,8p 20 of times, the random vectors (X4, ..., Xy, ) and (Y;,,...,Ys, ) are independent.

A.2 Useful tools

We gather here without proof useful results from probability theory.

The countable sub-additivity property gives a very useful bound for probability measures.
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Lemma A.12. (Union Bound) For any events Ey,Es,... € % in a probability space
(2, #,P), we have

p[ pl B,)< Y P[E,]. (A4)

n=1

Proof. See, e.g., Theorem I1.20]. O]

Lemma A.13. (First Borel-Cantelli lemma) Let (2,.%,P) be a probability space. For
any events E1,Es, ... € F such that

i P[E,] < +oo,

n=1
we have
P[E,, occurs infinitely often] = 0.
Proof. See, e.g., Lemma V.7]. O

Lemma A.14. (Second Borel-Cantelli lemma) Let (Q,.%,P) be a probability space. For
any independent events Eq, Fo,...€ % such that

o0

P[E,] = +oo,
n=1
we have
P[E,, occurs infinitely often] = 1.
Proof. See, e.g., Lemma V.8]. O

This event can be alternatively written in the form

{E, occurs infinitely often} = { limsup E,, } = (" | E.
n=1k=n

n—oo

If P[E,, occurs infinitely often] = 0, then almost surely, there are only finitely (but randomly)
many indices n € N for which the event FE, occurs.

Lemma A.15. (Markov’s Inequality, a.k.a. first Chebyshev’s inequality) Let £ : - R
be a random variable on a probability space (Q, F,P). For any A >0, we have

IP’[|§|2)\]£E[|)\§|]. (A5)

Proof. See, e.g., Lemma XI.6]. O]

Recall that a random variable £ :  — R is called square-integrable if E[£2] < co. The space
of all square-integrable random variables is denoted as L?(PP).
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Lemma A.16. (Second Chebyshev’s inequality) Let £ : Q — R be a square-integrable
random variable (i.e., € € L*(IP)) on a probability space (2,.#,P). Denote E[£] =m and
Var(¢) = s2. For any A\ >0, we have

P[If—m|zA]g§—Z. (A.6)

Proof. See, e.g., Corollary XI.7]. O

Lemma A.17. (Fatou’s lemma) For any sequence (fn)nen of non-negative measurable
functions on a measure space (S,.%, 1), we hcweﬂ

j; liminf f,, dp < liminf fS frndu.

Proof. See, e.g., [Kyt20, Lemma VII.20]. O

“Note that the integrals may be infinite.

Lemma A.18. (Reverse Fatou’s lemma) For any sequence (f,)nen of non-negative mea-
surable functions on a measure space (S,.7, 1), we haveﬂ

lim sup [S fndu < fS limsup f,, du.

n—oo n—-oo

Proof. See, e.g., [Kyt20, Lemma VII.21]. O

“Note that the integrals may be infinite.

Recall that for two measure spaces (S1,-71, 1) and (Sa, S, pu2), where py and po are finite
measures, the product space (S7 x Sz, 1 ® p2) is naturally a measure space:

> the product sigma-algebra .1 ® S is defined as the smallest sigma-algebra on S; x Sy with
respect to which the projections

pr1:51><5’2—>5’1 and pr2:5'1><5'2—>5'2
are measurable (see, e.g., [Kyt20, Definition 1X.2]);
> the product measure p ® pa is defined by
Al = f f 1
(mem)Al= [ ( [ Vadua(s2))du(s)
= [ ([ ]JAd,u,l(Sl))dug(Sg), Aeyl ®y2
Sa St

(see, e.g., [Kyt20l Definition IX.6 & Lemma IX.7]).
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Theorem A.19. (Fubini’s theorem) For a function f: S; xSy — [—o0,+00], consider

-/8le2 f(s1,82)d(p1 ® pu2)(s1,82), (A7)

[ Ul somamo)ancer N

[92 ([5'1 f(81,82)du1(31))dp,2(32), (A.9)
Then, the following hold.

1. If f is non-negative and measurable, then the integrals A.9) are all in
[0,+00], and they are all equal.

2. If f is integrable, then (A.7 A.9) are all in R = (o0, 00), and they are all equal.
Proof. See, e.g., |[Kyt20, Theorem IX.9]. O

A.3 Various notions of convergence

Convergence in probability. A sequence (&, )nen of real-valued random variables is said to
converge in probability to a real-valued random variable £ if

lim P[|&, -€|<e]=1 for all € > 0. (A.10)

. . P
In this case, we write &, — £ as n — oo.

Exercise A.20. Show that (A.10) is equivalent to

lim P[|&, -&]|2€]=0 for all € > 0.
nSoo

Convergence almost surely. A sequence (&, )nen of real-valued random variables is said to
converge almost surely (a.s.) to a real-valued random variable ¢ if

P[lim &, =&] =1. (A.11)

n—00
In this case, we write &, 25 & asn — oo. The a.s. convergence can also be phrased analytically
by saying that the measurable functions &, : 2 - R converge pointwise for almost every w € Q.

Convergence almost surely is a strong notion of convergence for random variables. Indeed,
it implies their convergence in probability, while the converse does not necessarily hold.

Exercise A.21. Show that convergence almost surely (A.11]) implies convergence in probability (A.10]).

Exercise A.22. Find an example of a sequence of random variables (£, )nen that converges in probability, but
does not converge almost surely.
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Convergence in L'. A sequence (&,)ney in LY (P) is said to converge in L' to € e L'(P) if

lim E[|&, €] = 0. (A.12)
n—oo
1
In this case, we write &, L, &.

Exercise A.23. Show that convergence in L' (A.12)) implies convergence in probability (A.10]).

Exercise A.24. Find an example of a sequence of random variables (&n,)neny such that

1. (&n)nen converges in L', but it does not converge almost surely.

2. (&n)nen converges almost surely, but it does not converge in L'.

Even though in general, almost sure convergence does not imply convergence in L', it does
under a suitable condition on the growth of the sequence (termed uniform integrability).

Uniformly integrable (UI) collection (&;);er of real-valued random variables satisfies by def-
inition the following tail bound:

Jim sup B[|&] 16| 2 R}] = 0.

Proposition A.25. Consider a sequence &1,&, ... € LY(P) of random variables. Also, let
€ e LY(P). The following are equivalent:

1. The sequence (&n)nen converges to € in L.

2. The sequence (£,)nen @8 UI and converges to & in probability.

Proof. See, for instance, Theorem 13.7]. O

A.4 Laws of large numbers

Let us consider a sequence &£1,&s, ... of independent real-valued random variables. We dDefine
a random walk with these steps as

So=0 and Sn::Z§j forn=1,2,....
j=1

When the second moments of the steps are bounded, we have the following asymptotic result.
It follows easily from Markov ({A.5)) and second Chebyshev (A.6|) inequalities.

Theorem A.26. (Weak Law of Large Numbers) Suppose that E[£;] = m < oo and there
exists K < oo such that E [532] < K for all j. Then, we have

Sn P
— —m as n — oo,
n

where the convergence takes place in probability.
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Proof. See, e.g., [Kyt20, Theorem XI.4].

Theorem A.27. (Strong Law of Large Numbers) Suppose that E[£;] =m < co and there
exists K < oo such that E [§;l] < K for all j. Then, we have

Sn a.s.
— — m asn — oo,
n

where the convergence takes place P -almost surely.

Proof. See [Kyt20, Theorem XI.5].

In fact, if we assume that &1, &, . .. are i.i.d. real-valued random variables with E[£1] = m < o0

(so E[¢;] = m < oo for all j), then the statement in Theorem also holds, both P-almost
surely and in L'. However, while the proof of Theorem is elementary assuming  [74] < oo,

the case without this assumption is quite hard to prove — see, e.g., [Wil91, Chapters 12 & 14].

A.5 Dynkin’s Identification Theorem

Sigma-algebra o(II) generated by II c P(f2) is the smallest sigma-algebra containing II.

Pi-system is a collection II c P(2) closed under non-empty intersection:

A1, Ay ell and AinAy+@ - A n Ay el

Exercise A.28. Consider the collection II(R) := {(-o0,a] | a € R} of semi-infinite intervals on R.
1. Show that II(R) is a pi-system.

2. Show that II(R) generates the Borel sigma-algebra %4(R) on R.

Theorem A.29. (Dynkin’s Identification Theorem) Let Py and Py be probability measures
on a common measurable space (,.F). Let Il c P(Q) be a pi-system such that the sigma-
algebra generated by is full: o(Il) =.%. Then, the following are equivalent.

DYN1. The two probability measures are equal: Py = Ps.
DYN2. P [E] =P3[E] for all E €11.

Proof. See, e.g., [Kyt20, Theorem I1.26 and Appendix C.3]. O

A.6 Monotone Class Theorem

Consider a set S, for example, S =Q or S =Q x[0,00).
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Monotone class #H is a collection of bounded functions h: S — R such that

> the constant function 1 € H;
> H is an R-vector space;

> if (hp)nen 18 a sequence of elements of H such that 0 < h,(x) 1 h(z) as n 1 oo pointwise for
x € S, where the limit h: S - R is bounded, then h € H.

Theorem A.30. (Monotone Class Theorem) Consider a set S. Let
> H be a monotone class of bounded functions from S to R, and
> let IIc P(S) be a pi-system.

If H contains the indicator function lg of every set G € II in the pi-system, then H
contains all bounded measurable functions h: (S,0(II)) - (R, Z(R)).

Proof. See, e.g., [Kyt20, Theorem C.2 and Appendix C.4]. O
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