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1. INTRODUCTION

Under certain conditions, systems in nature exhibit phase transitions: drastic changes of thermody-
namical states into another. The most familiar example is the phase transition of water from liquid to
gas, or solid to liquid. In some cases, when the point of phase transition is approached, the distinctive
features of the coexisting phases disappear and the substance is in a homogeneous thermodynamic state.
In the vicinity of such a critical point, special kind of phenomena, called critical phenomena, happen:
the appearance of large fluctuation correlations, self-similarity (resulting in scale invariance in the con-
tinuum limit), and power law behavior of thermodynamical functions. The power laws are described
by so called critical exponents, which are believed to be universal, i.e., independent of the microscopic
details of the phase transition. The description of phase transitions and critical phenomena as well as
the understanding of universality are major aims in thermodynamics and statistical physics.

The scale invariance of critical systems has been studied in terms of the renormalization group, the
breakthrough of Kenneth G. Wilson who received the Nobel Prize in Physics in 1982 “for his theory
for critical phenomena in connection with phase transitions”. Critical systems can be characterized
as fixed points in the renormalization group flow. This also explained the emergence of universality.
Furthermore, in the 1970s-1980s, Belavin, Polyakov, and Zamolodchikov suggested that the continuum
limits of critical systems enjoy not only scale invariance, but also conformal invariance which, in the
case of two dimensions, is an infinite-dimensional symmetry leading in many cases to exact solvability.

The two-dimensional case is special not only because of the infinitely many conserved quantities but
also since the theory of complex analysis provides one with powerful and elegant tools to deal with
conformally invariant systems. Furthermore, in the 1920s, a discrete version of complex analysis was
developed, and this theory was revived twenty years ago when mathematicians started to rigorously
study the concept of conformal invariance and scaling limits of critical systems of statistical mechanics.

In this thesis, we concentrate on geometrical properties of two-dimensional critical systems. We discuss
discrete models which can be described using interfaces: lattice paths and loops. Remarkably, continuum
limits (i.e., scaling limits) of critical interfaces are described by (now quite well-studied) conformally
invariant random curves known as (variants of) Schramm-Loewner evolutions (SLE) and conformal loop
ensembles (CLE). In this thesis, we concentrate on chordal interfaces connecting boundary points, which
are related to so called chordal Schramm-Loewner evolutions (SLE,). The introduction of these random
conformally invariant curves by Oded Schramm around 2000 was the starting point of a successful
interplay between probability theory, stochastic analysis, complex analysis, and more traditional methods
of statistical mechanics, such as combinatorics and algebraic methods.

The approach of dealing with critical phenomena in terms of geometric descriptions is nothing new
per se. The Coulomb gas approach developed in the 1980s already used geometric ideas to very suc-
cessfully (but non-rigorously) derive results about two-dimensional critical systems, both in parallel and
complementary to those of the field theoretic approach. However, the new approach of the SLE theory
that emerged after Schramm’s invention focused on the properties of a single curve describing a random
interface in the continuum which could be described by a tractable dynamical growth process called
a Loewner evolution. In the mathematics literature, such growth process were already studied in the
1920s, by Charles Loewner in terms of complex analysis. The groundbreaking ides of Schramm was to
combine Loewner’s theory with probability, and take the ubiquitous Brownian motion as the starting
point of the dynamical description of the random growth processes.

The approach started from Schramm’s observations has lead to remarkable success both in physics and
mathematics. For instance, conformal invariance of the scaling limits of percolation, the Ising model,
and some other models have been established, exact values of critical exponents in many models have
been solved, and features of universality have been detected. In particular, results can now be derived
directly in the continuum for models for which the traditional lattice methods have failed.

The geometrical approach sheds also new light on critical phenomena and, in particular, their description
via conformal field theory (CFT). For instance, in the CFT description of the O(n) model, the hitting



points of the interfaces of the boundary of the domain correspond to insertions of boundary changing
operators, whose correlation functions satisfy linear second order partial differential equations. On the
other hand, these equations are directly related to the Fokker-Planck type equations that arise from
the Brownian process describing the growth of the interface in SLE theory. In particular, SLEs are
closely related to operators in CFT, and also the conformal anomaly (central charge of CFT) has its
counterpart in the theory of SLEs, also showing hints of universality and certain duality relations.

Organization. We begin this thesis by recalling some basics about statistical mechanics in Section 2,
with emphasis on continuous phase transitions and critical phenomena, the traditional example of which
is the Ising model. Such critical behavior results in self-similarity and scale invariance, leading to the
hypothesis of conformal invariance for critical systems. In Section 3, we give various examples of discrete
models of statistical mechanics which exhibit critical behavior. The common theme in our presentation
is that all the models can be realized in terms of interfaces: lattice paths and loops. The interfaces
have an important memorylessness property called the domain Markov property. At criticality, also the
interfaces exhibit self-similar (fractal) behavior, and in the continuum limit, they are expected (and
in some cases rigorously proven) to become conformally invariant. We concentrate on two-dimensional
systems where significant progress has been made. In Section 4, we discuss properties of the interfaces
in more detail.

In Section 5, we define the Schramm-Loewner evolutions (SLEs) — random curves in the plane which
enjoy two natural properties: conformal invariance and the domain Markov property. In this thesis, we
will consider chordal SLEs which are curves connecting two given boundary points. These processes
are characterized by a single real parameter x > 0, and they are often denoted SLE,. There are many
variants of SLEs which we will not consider here. It should also be mentioned that in Section 3, we
describe many discrete loop models whose loops can be described in the continuum limit by similar
processes as SLE,, called conformal loop ensembles CLE,.. Also these processes of random loops have
conformally invariant law and they enjoy an appropriate domain Markov property.

In the end of Section 5, we list some natural properties of the SLE,, curves such as the k <+ 16/ duality
(which is also frequently discussed in the context of discrete models in Section 3), reversibility, and the
phase transitions at k = 4 and k = 8 (the SLE, curve is simple when x € [0,4], self-touching when
k € (4,8), and fills the whole space when x > 8). We then finish Section 5 with a short argument for
the famous percolation crossing formula originally! found by John Cardy in 1990s, before the theory of
SLEs was born. Lastly, Section 6 contains some interesting features of SLEs: locality and restriction
properties and the relation with Brownian excursions. These properties have been manifest in the
rigorous treatment of the SLE curves as well as in the determination of critical exponents using SLEs.

2. STATISTICAL MECHANICS, PHASE TRANSITIONS AND CRITICAL PHENOMENA

In statistical mechanics, one is interested in physical systems whose states cannot be exactly specified
but instead a probability distribution on the space of microscopic states is considered. This approach is
practical for instance when studying systems involving a large number of interacting particles (e.g., of
order 10?3). The possible microscopic states (the state space) are those which correspond to the observed
macroscopic state of the system. The macroscopic state is specified by macroscopic thermodynamical
quantities such as volume, pressure, and temperature, whereas properties of the system such as the
energy, magnetization, etc., are regarded as statistical averages over an ensemble of microscopic states.

Depending on the question at hand, one considers different types of probability distributions (ensembles)
on the state space of the system. In fixed volume, there are three common choices known as the
microcanonical, canonical, and grand canonical ensembles. These describe systems in thermodynamic
equilibrium, having maximal entropy. Maximizing the entropy of the system with a fixed energy and
particle number, one is led to consider the microcanonical ensemble. In the microcanonical ensemble,

13We will not discuss the original CFT arguments of Cardy, but instead give an argument that relies on the description
of percolation interfaces as SLEg curves.



every microcopic state is assigned equal probability to occur. Of course, this does not correspond to
an experimentally realistic situation. Therefore, one usually allows for some uncertainty in the energy
and/or particle number, and considers instead the canonical or grand canonical ensemble. In the former,
the system is in thermal equilibrium with a heat bath at fixed temperature, and in the latter, the system
is in thermal and chemical equilibrium with a reservoir.

More precisely, the canonical ensemble maximizes the entropy under the constraint that the expected
value of the energy of the system is a given constant E. In the canonical ensemble, the number of
particles is fixed. On the other hand, the grand canonical ensemble is obtained by maximizing the
entropy when the expectations of both the energy and the number of particles in the system are given
constants E and N. In particular, both the energy and particle number are then random wvariables.

In the canonical ensemble, the energy of the system has Gaussian distribution with variance of order
AE = O(v/N), where N is the number of particles. As N — oo, the energy fluctuations are of
order % =0 (1/ VN ) since one expects E = O(N). Thus, the relative inaccuracy of the energy
is very small for a large system. Similarly, the relative inaccuracy of the particle number is of order
ATN =0 (1 / VN ) as well. Therefore, for very large systems (e.g. at the thermodynamic limit), the

microcanonical, canonical, and grand canonical ensembles are essentially equivalent. We refer to [Hon06]
for details.

Bibliographical comments. Textbooks, lecture notes, and surveys about statistical mechanics, phase
transitions, and critical phenomena include (but are certainly not limited to) [Uzu92, Hon06, Bax07,
Mus10, Honl3]. Also in the CFT book [DFMS97|, statistical mechanics is discussed with a particular
emphasis in the hypothesis of conformal invariance at criticality.

2.1. Boltzmann distribution. We shall be interested in systems which are in thermal contact with
the environment but the number of particles is fixed. In this case, the probability of the system to be
in a given microscopic state o is given by the Boltzmann distribution (the canonical ensemble)

o—BE(o)
Z
where 8 = 1/T is the inverse temperature, E(c) the energy of the state o, and Z is the partition

function,
7 — Z e BE()

The (Helmholz) free energy of the system is F' = —T'log Z. It describes the amount of energy that can
be converted into work at constant temperature 7" and volume V. The ensemble average is denoted

(A) = 5 3" Al)e ),

Plo] =

where A = A(o) is some observable depending on the microscopic state o. For instance, the average
energy is

1 0
— —BE(0) _ _
(E) EU E(o)e 95 log Z.

Important features of phase transitions and critical phenomena are encoded in the pair correlations
C(A,B) = (AB) — (A)(B)

of observables A and B. In the scaling limit (that is, continuum limit of the model), the correlations of
local observables should become correlation functions of local operators in some quantum field theory
(QFT). For systems with short-range interactions, the correlations typically have exponential decay in
the distance of particles. However, at a critical point (where a continuous phase transition takes place),
the correlations have power law behavior (see Sections 2.3 and 2.4 below). At criticality, the scaling
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FiGURE 2.1. Configuration of the Ising model on a square lattice. The two colors
represent the spins +1 and —1.

limit of the system should be described by a conformal field theory (CFT), that is, a massless QFT
with conformal symmetry. In this thesis, we will concentrate on systems in two-dimensions, where the
conformal symmetry is infinite-dimensional and, in addition, the powerful tools of complex analysis are
applicable.

2.2. First example: the Ising model. The prototypical example of a statistical mechanics model
is the Ising model. It was introduced by Wilhelm Lenz in the 1920s, but it is named after Lenz’s
student, Ernst Ising, who solved the model in the 1920s in the one-dimensional case and noted that no
phase transition occurs. This lead him to conjecture that the model would have no phase transition
in any dimension. The conjecture was shown to be wrong in 1936, when Rudolf Peierls proved the
existence of a continuous phase transition in dimensions at least two (see Section 2.4 below). The
Ising model has been widely studied ever since. Recently, it was shown by Stanislav Smirnov and his
collaborators [Hon10, Smil0, CS12, CI13, HS13, CDCH" 14, CHI15, Izy16]|, that in the scaling limit, the
critical two-dimensional Ising model (on isoradial graphs) enjoys conformal invariance: the interfaces of
the model converge in the scaling limit to Schramm-Loewner evolution type curves (SLE,, CLE,) with
x = 3, and the correlations converge to correlation functions of a conformal field theory with central
charge ¢ = 1/2.

On a finite graph G = (V, £) with vertices V and edges &, a configuration in the Ising model consists of
an assignment o: V — {£1} of spins o; € {£1} to each vertex i € V. The number of particles in the
system is N = |V|. The energy of a configuration o is given by

(2.1) Elo]=-J Z 0,05 — hZUi,

(i.4)€€ i€V

where J is the coupling constant representing the interaction of the spins, and h is the strength of an ex-
ternal magnetic field. The coupling of the spins can be either ferromagnetic (J > 0) or antiferromagnetic
(J < 0). The interaction is of very short range (nearest neighbors only), represented by the edges (i, 7)
of the graph. In the ferromagnetic coupling (J > 0), the Boltzmann distribution favors configurations
where the neighboring spins are aligned, and when h # 0, the spins also tend to be aligned with the
external magnetic field.

In the Ising model, the mean value (o;,) of a spin at ig € V represents the magnetization at that
point. Assuming translation invariance, we can write > ,(0;) = N({(0;,). Therefore, for any ig, the
magnetization reads

_BE(o 1 0F
(2.2) M := (o;,) NZ ZZZQ BE() — ~N o

% o i€y
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FIGURE 2.2. The phase diagram of water. The liquid-gas, liquid-solid, and solid-gas
phase transitions are of first order. At the triple point (Tp, psp), all three phases water
coexist. At the critical point (T, p.), there is a continuous phase transition.

where F' = —T'log Z is the free energy. Another feature of interest is the magnetic susceptibility
oM 101
2.3 = =_—__ (= e PE()
(2:3) X,y N@h(ZZZae
= o i€V h=0

() - (z))
— NlTVar(zi:oi).

It describes how the system responds to a very small external magnetic field. The above calculation
shows that the susceptibility is proportional to the variance of the total spin of the system.

Both the magnetization and the magnetic susceptibility can be expressed in terms of derivatives of the
free energy, so the knowledge of the free energy F', or equivalently, of the partition function Z, is of
crucial importance. In 1944, Lars Onsager managed to calculate explicitly the free energy of the two-
dimensional Ising model (on the square lattice), using a transfer matrix method. The three-dimensional
case still remains open — the Ising model in dimensions four and more agrees with its mean field theory
(i.e., the upper critical dimension is four), and the one-dimensional case was solved already in the 1920s.

2.3. Phase transitions and critical phenomena. Under certain conditions, systems in nature ex-
hibit phase transitions. Then, in the space of the macroscopic states of the system (spanned by the
thermodynamic variables), there are several different homogeneous regions (i.e., phases) where the
macroscopic system is at equilibrium. For instance, water has essentially? three phases in nature:
liquid, solid (= ice), and gas. In the (T, p)-plane, T being temperature and p pressure, there is a triple
point (Typ, pip) = (0.01°C, 610 Pa) where all three phases coexist. This point is the intersection of the
liquid-gas and liquid-solid coexistence curves — see Figure 2.2. The liquid-gas coexistence curve ends
at the critical point (7T, p.) = (374.15°C, 22 MPa).

To distinguish the two phases in a phase transition, one associates to the transition an order parameter,
that is, a physical quantity which is zero in one phase and assumes non-zero values in the other phase.
For instance, in the gas-liquid transition, a natural choice of the order parameter is the difference between

2In principle, also supercritical fluid can occur, but this only happens in specific conditions: in very high temperature
and pressure.



the densities of liquid and gas. As another example, magnetization serves as the order parameter in
the phase transition of the ferromagnetic Ising model (see Figure 2.3 and Section 2.4). If the order
parameter is continuous across the phase transition, the phase transition is said to be continuous, and
otherwise it is called a first order (discontinuous) phase transition. For instance, in the phase diagram
of water (see Figure 2.2), at the coexistence curves, first order phase transitions take place, except at the
critical point, where the phase transition becomes continuous (second order in Ehrenfest classification).

In this thesis, we will concentrate on systems with continuous phase transitions, which are related to
conformal invariance. Points of continuous phase transitions are called critical points. Near the critical
point, the system can exhibit long-range interactions even though the physical interactions are a priori
of very short range. At criticality, the interactions typically become of infinite range (if the correlation
length diverges). Critical systems thus exhibit self-similar behavior, and in the continuum limit, they
become scale invariant and thus fixed by the renormalization group flow [PP66, Kad66, Kad90, Car96|.
A further symmetry, conformal invariance, was postulated in the 1970s-1980s by Belavin, Polyakov, and
Zamolodchikov [Pol70, BPZ84a, BPZ84b], see also [DFMS97].

In continuous phase transitions, the order parameter, free energy, and various response functions and
correlation functions typically exhibit non-analytic behavior?® as functions of the thermodynamic vari-
ables®. This behavior usually displays itself in the form of power law singularities or decay in the distance
from the critical point, e.g., behavior of the type |T' — T,|*” with ¢ > 0. For instance, in the case of
the Ising model, the magnetization exhibits such a behavior with ¢ = 1/8 (see Section 2.4 below). The
exponents ¥ appearing in such power laws are called the critical exponents of the phase transition.

2.4. Ferromagnetic phase transition. Rudolf Peierls proved in 1936 that the ferromagnetic Ising
model (J > 0) in dimension at least two has a continuous phase transition: in low temperatures, the
system exhibits spontaneous magnetization, but not in high temperatures — see Figure 2.3. The phase
transition occurs at a unique critical temperature T, = 1/4,, such that the magnetization M = Mg(h)
defined in (2.2) behaves as follows: for T' < T, we have

%1{1% Mg(h) >0 and %1/mo Mg(h) <0,

whereas for T' > T, both limits are zero. In dimension two, when h \, 0, the magnetization is

—1 as T — 0
=m(T) € (0,1) when 0<T < T,
~|T =T,V as T — T,

=0 when T > T,

My (04) 1= Jim, My ()

and it is continuous across the phase transition at T.. However, its derivative with respect to the
magnetic field h (that is, the magnetic susceptibility (2.3)) diverges at the critical point T,:
OMg(h
OMs(h) ~|T =T asT T,
oh N0

The powers 1/8 and 7/4 above are critical exponents of the Ising model. To each thermodynamic
function, such a critical exponent is associated, which expresses its power law behavior as T — T..

3Mathematically, phase transitions can only happen in the thermodynamic limit (when V, N — oo so that % = const.)
since functions defined on finite lattices are always continuous.

4Traditionally, phase transitions are classified by these discontinuities (Ehrenfest classification). For instance, the free
energy F' is continuous as a function of the thermodynamic variables, but its derivatives may have discontinuities or
singular behavior. In Ehrenfest classification, discontinuity points of the first derivatives of F' are said to be points of a
first order phase transition, whereas points where the first derivatives of F' are continuous but some of the second order
derivatives fail to be continuous, are called points of second order phase transitions.
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FIGURE 2.3. The phase transition of the ferromagnetic (J > 0) Ising model. In high
temperatures (right), the system is disordered, and the magnetization of the system
is zero, whereas in low temperatures (left), aligned spins are favored, and the magne-
tization is non-zero. At criticality, macroscopic clusters of aligned spins appear. The
magnetization is continuous across the phase transition at 7.

An important feature of continuous phase transitions is the divergence of the correlation length at the
critical point. In the Ising model, the correlation between two spins at ¢ and j is

Cp(i, j) = (oi05) = (04){0)-
In off-critical temperatures (T' # T,), the correlations decay exponentially fast in the distance |i — j|:

Cp(i,j) ~ e €Il as i — j| = oo,
where & = &(T) is the correlation length. When approaching the critical temperature, long-range
fluctuations appear and the correlation length diverges:

&T) ~|T-T.| ™' = 0 as T — T..

Then, the decay of the correlations is only polynomial:
Co.(irg) ~ |i =417 asfi—j| — oo,

The powers 1 and 1/4 are the critical exponents associated to the correlation length and the spin

correlations, respectively. The above values of the critical exponents are given for the case of dimension

two. Thanks to the exact solvability of the two-dimensional Ising model, the values of all its critical

exponents are known, whereas in the three-dimensional case, only numerical values have been obtained

(the three-dimensional Ising model has not been exactly solved!). In dimension at least four, all the

critical exponents are also known exactly because the model agrees with its mean field theory.

In continuous phase transitions, spontaneous symmetry breaking can take place. For instance, in the
phase transition of the ferromagnetic Ising model, the material in the paramagnetic phase (above the
critical temperature, disordered phase) is rotationally symmetric and, whereas in the ferromagnetic phase
(below the critical temperature, ordered phase), there is a preferred direction of the total magnetization
of the matter (in alignment with the external magnetic field), breaking the global rotational symmetry.
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FIGURE 3.1. Samples of critical percolation configurations on faces of the hexagonal
lattice, in equilateral triangles with side lengths 20 (left) and 300 (right).

2.5. Universality. Continuous phase transitions are largely insensitive to microscopic properties of the
system. In particular, such phase transitions can often be described by global properties of the system
only: the spatial dimension and the internal symmetry of the order parameters. This phenomenon is
called universality of continuous phase transitions. One speaks of different universality classes and many
microscopically different systems can exhibit similar behavior at their critical point, thus belonging to
the same universality class. For instance, the values of the critical exponents of the phase transition
are found to coincide quite accurately for systems in the same universality class. Universality gives an
important tool to analyze systems with continuous phase transitions: one can pick one’s favorite model
from the universality class, according to which model is the easiest to analyze for the question at hand.

At the critical point, the scaling limits of models in the same universality class should be described by

a similar conformal field theory, and the critical interfaces should be described by conformally invariant

random curves such as the ones studied in this thesis, characterized by a single real parameter, x > 0.
i

This parameter is related to the conformal anomaly number of the CFT via c(x) = 5-(x — 6)(8 — 3k).

3. EXAMPLES OF DISCRETE MODELS

In this section, we give examples of planar lattice models which exhibit critical behavior (undergo con-
tinuous phase transitions) and can be described using interfaces: random non-intersecting lattice paths
and loops. Remarkably, continuum limits (i.e., scaling limits) of such critical interfaces are described by
conformally invariant random curves known as (variants of) Schramm-Loewner evolutions (SLE) and
conformal loop ensembles (CLE).

Bibliographical comments. Exactly solvable models in statistical mechanics have (naturally) been
widely studied, and there are many surveys about them. In the books [Uzu92, Bax07, Mus10], many
models discussed below in this section are treated in detail. The book [Smi02] gives a more quantum
field theoretical approach. The lecture notes [KN04, Car05, BB06, Dup06, HKB* 12| have a particular
emphasis on conformal invariance and the description of the models via interfaces — as will be our
viewpoint, too.

The models we treat in this thesis have received quite a lot of interest from mathematicians as well, and
many rigorous results have been obtained (relatively recently). Mathematical introductions to critical
discrete models include [Gri99, Wer(06, Gri09], and a very nice survey about critical behavior especially
in the Fortuin-Kasteleyn (random cluster) and O(n) models is presented in [DC11].
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3.1. Percolation. Percolation theory has been used e.g. in the study of disordered media. Hammersley
and Broadbent defined a percolation model in 1957, in order to study how the random properties of
a medium influence the percolation of a fluid through it — in contrast with the so far conventional
approach of diffusion theory, where the random properties of the fluid were emphasized. Remarkably,
the same model has several interpretations: in addition to the diffusion of fluid, molecules, electrons,
etc., with percolation one can study e.g. spreading of infectious diseases. It also provides a simplified
model for the study of interacting random systems.

Consider a hexagonal lattice G on the plane®. In a simple percolation model, one colors the faces of G
with two colors with equal probability — that is, each site has probability 1/2 to be colored yellow and
1/2 to be colored purple, say. Thus, a configuration in this percolation model is a coloring of the faces
(hexagons) of the graph G, as illustrated in Figure 3.1. This model, simple as it may be, displays quite
interesting features. In particular, it is critical and has a conformally invariant scaling limit.

Criticality of the percolation model can be seen when modifying the probabilities to color the faces with
the two colors. Suppose that, instead of the fifty-fifty chance, each face has probability p to be colored
yellow and 1 — p to be colored purple. Then, if p > 1/2, there should be more yellow faces in a typical
configuration, and if p < 1/2, more purple ones. This observation can be quantified as follows. Consider
the probability of the event A that, in the continuum limit, in the percolation configuration there is an
infinite cluster (i.e., connected component) of yellow hexagons. The percolation model exhibits a phase
transition at p. = 1/2 in the following sense: when p > 1/2, the probability of the event A equals one,
whereas in the case p < 1/2, the probability of A equals zero, almost surely — see e.g. [Kes82, Gri99].
Moreover, in the case p > 1/2, the infinite yellow cluster is almost surely unique.

At the critical point p. = 1/2, no infinite yellow cluster exists. As p \, p., the probability that the
origin belongs to the infinite cluster behaves as follows:

P[ 0 belongs to the infinite yellow cluster | ~ |p — p.|>/%6.

This power law behavior was rigorously proven (for percolation on faces of the hexagonal lattice)
in [SWO01] by Smirnov and Werner, using new methods relying on the convergence of critical inter-
faces to SLE type curves, defined in Section 5. Other examples of rigorously known values of the critical
exponents (also for the hexagonal lattice) include®

e [SWO01]: the average size of finite clusters, which behaves as |p — p.|~43/1®

e [SWO1]: the correlation length (the typical radius of a finite cluster), which behaves as |[p—p.|~*/3
e [LSWO02b]: the probability that the cluster containing the origin has diameter larger than R,
which decays like R=5/%% as R — co.

The analogy of the free energy for percolation is the cluster density, that is, the average number of
clusters per site. It is believed to behave as |p — p.|>~® (it is conventional to denote the exponent in
two dimensions by 2 — «), where the critical exponent is &« = —2/3. To prove this, however, remains an
open problem.

The above values of the critical exponents are given in dimension two. The upper critical dimension
of percolation is six, and mean field theory thus gives the critical exponents in dimensions at least six.
However, in dimensions between three and five, only numerical results have been obtained. As already
mentioned, there are still open questions concerning the two-dimensional case, too, but at least exact
predictions can be made using CFT and Coulomb gas arguments, for instance.

As the universality hypothesis suggests, the critical exponents are believed to be independent of the
chosen lattice. On the other hand, the value of the critical point p. is highly dependent of the lattice,

5The percolation model can of course be defined on any graph in any dimension, but the scaling limit has been (so
far) understood mathematically only in two dimensions (in the case of faces of the hexagonal lattice and sites on its dual
lattice, the triangular lattice). Also, exact values of the critical point and critical exponents are known in these cases.

6Also in the series of articles [LSWO01b, LSW01c, LSW02c], critical exponents of percolation (and Brownian motion)
are studied using SLE techniques.
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FIGURE 3.2. Illustrations of Schramm-Loewner evolution SLE, curves with x = 3
(left) and k = 6 (right). These SLE, curves correspond with interfaces in the critical
Ising model (k = 3) and critical percolation (k = 6), respectively. The curve on the
right has self-touchings whereas the one on the left does not. Also, the curve on the
right looks rougher and, indeed, its fractal dimension is 7/4 = 1.75, whereas the fractal
dimension of the curve on the left is 11/8 = 1.375. (©Antti Kemppainen.)

and it has been calculated exactly only for very few sufficiently symmetric lattices. For percolation on
the faces of the hexagonal lattice (sites of the triangular lattice), as in Figure 3.1, and on edges (bonds)
of the square lattice, we have the very nice value p. = 1/2, see e.g. [Gri99].

3.2. Interfaces. Interfaces separating the yellow and purple hexagons arise naturally in percolation
configurations. Because the faces are colored independently, the interfaces only depend on the faces
nearby. This property is called locality — see Section 6.1 for details.

The interfaces form closed loops and paths between boundary points. Imposing boundary conditions,
one can produce macroscopic interfaces between given boundary points of the lattice. For instance,
adding a layer of yellow hexagons on a segment of the boundary and a layer of purple hexagons on
the complementary boundary segment, one can define an exploration process by following the interface
between the yellow and purple hexagons so that the purple hexagons always lie on the left hand side of
the explorer, say. It was rigorously proved by Smirnov [Smi01] that, at critical p., this random curve has
a conformally invariant scaling limit, the Schramm-Loewner evolution curve SLEg (see Section 5). This
was the first step towards the proof of complete conformal invariance of critical percolation. In 2010,
Smirnov was awarded the prestigious Fields medal for his work” “for the proof of conformal invariance
of percolation and the planar Ising model in statistical physics”. The SLEg curve is far from smooth —
it is a fractal curve of Hausdorfl dimension 7/4, having many self-touchings, as illustrated in Figure 3.2.

More generally, Camia and Newman [CN0O7, CN06| proved that the loops surrounding the two different
colors in critical percolation (in the hexagonal lattice) converge in the scaling limit to SLEg type processes
called conformal loop ensembles CLEg. The value of the parameter x = 6 corresponds to a conformal
field theory with central charge ¢ = 0. The outer boundaries of these percolation interfaces (note
that while the curves have self-touchings, their frontiers are simple curves) are described by SLE, and
CLE, type processes with the dual® value x = 8/3 — we discuss more about the duality x <> 16/x
in Section 5.6, see also [Dup00, Bef04, Dup04, Dub07, ZhaO8a|. The SLEg/3 process should describe
the scaling limit of self avoiding random walks, although there is no complete mathematical proof yet.
Hence, the outer boundaries of the percolation interfaces should look locally like self avoiding walks.

7Also7 already in 2006, Wendelin Werner was awarded the Fields medal “for his contributions to the development of
stochastic Loewner evolution, the geometry of two-dimensional Brownian motion, and conformal field theory”.
80bserve that we have ¢(6) = ¢(8/3) = 0 and more generally, c(k) = c(16/k) = i(/{ —6)(8 — 3k).
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FiGURE 3.3. Configuration of the Ising model on a square lattice. The two colors
represent the spins +1 and —1. The domain walls are illustrated in purple.

Similarly as for percolation, one can describe the Ising model in terms of interfaces (these are often
called domain walls), see Figure 3.3. The Ising model is in fact another example of a model whose
interfaces at criticality have been rigorously shown to converge in the scaling limit to SLE, and CLE,
type processes, with k = 3 and central charge ¢ = 1/2, and in fact, convergence results concerning the
dual value k = 16/3 are also known [Smil0, CS12, CDCHT 14, KS15].

In an Ising spin configuration o on vertices V of a finite planar graph G = (V,€), the domain walls
are interfaces that one naturally associates between spins that are not aligned. They are realized as
collections of edges of the dual graph G*, forming loops and paths between boundary points. The dual
graph G* = (V*,£*) of G consists of vertices V* at the centers of the faces of G and edges £* between
them crossing the edges £. To each edge in &, there is a dual edge in £* crossing it.

The domain walls are particularly useful when studying the Ising model at low temperature. We now
derive the low temperature expansion of the partition function in terms of the domain walls. Consider
the two-dimensional Ising model in zero magnetic field, so that the energy of a spin configuration o is
given by (2.1) with h = 0. Let also J > 0 (the ferromagnetic case). First, note that the Boltzmann
weight of a spin configuration o is

1

Plo] =

,BJG’,;O']‘
€ )
Zrsing (e

which shows that in the most likely configurations, all the spins have equal value. Every edge (i,7) € £
for which o; # o; results in a factor e~P7 reducing the probability of the configuration . Such edges
exactly correspond with the domain walls. The partition function can be written in the form

(31) ZIsing — Z H e,BJUin _ Z 65‘”5‘ H 6725‘] _ eBJ\$| 2(672B.I)#{edges in the domain walls}.

o (i,j)€E o (i,5)€E o
O‘i¢0'j

In low temperature, 3 > 1 and the factor e=2#7 is small (the factor eP7IEl in the front is a global

universal constant and can be ignored), and therefore, Equation (3.1) is called the low temperature
expansion of the Ising partition function. Peierls used (3.1) together with a high temperature expansion
(which we will not consider in this thesis) to prove the existence of a continuous phase transition in the
two-dimensional Ising model.

3.3. Fortuin-Kasteleyn representation of the Ising model. Consider still the Ising model in zero
magnetic field h = 0. Using the observation that the interaction of two spins can be written in the form
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FIGURE 3.4. Fortuin-Kasteleyn clusters G’ (red) and their dual clusters (G')* (blue).

0;0j = 21{5,—5,; — 1, we can write the partition function (3.1) in the form
Zu = 5 T] 7% =I5 ] (14 By 1)
o (i,))€E o (ij)€e
— o~ BJIE Z 9#{connected components of g'}(e2l3J o 1)|8’\
g'cg

where the sum is over all subgraphs G’ = (V',&’) of the graph G = (V,€). The last equality follows
by expanding the product into a sum of terms of type [1¢j)ee Il{gi:(,j}(ew‘] — 1), and interpreting
the vertices V' as clusters of agreeing spins in a configuration o (the spins can be either +1 or —1;
hence the factor 2). In high temperatures, 8 < 1 and the factor €??/ — 1 is small (again, the overall
global multiplicative factor e #7I€l can be ignored). The above expression could be regarded as an
high temperature expansion of the Ising model (it is slightly different from the usual high temperature
expansion that appears in Peierls’ argument).

To each configuration G’, one can associate the dual configuration (G')*, which contains those edges of

the dual graph G* which cross edges in the complement &€ \ £, and, in addition, isolated vertices which
lie inside loops of G’ — see Figure 3.4 for an illustration. In the loop representation, one draws contours
between the configuration G’ and the dual configuration (G')*. The loops form the interfaces associated
to the Fortuin-Kasteleyn representation of the Ising model. Imposing boundary conditions, also curves
connecting boundary points are obtained. It is important to note that these contours are not the same
as the domain walls appearing in the low temperature expansion.

The Fortuin-Kasteleyn representation of the Ising model is often simply called the FK Ising model,
and the clusters represented by the subgraphs G’ are called FK clusters. The interfaces around the
clusters in this model have quite different behavior than the domain walls in the Ising model — indeed,
at criticality, the latter are described by SLEj type curves, whereas the former have been shown (for
the case when they touch the boundary) to converge in the scaling limit to self-touching SLE,- type
curves with k* = 16/3. Similarly as for percolation and self-avoiding walks, there is a duality between
the critical Ising and FK Ising models, implemented by the symmetry x + 16/x = k*, and the outer
boundaries of the interfaces of the critical FK Ising clusters look locally like the domain walls in the
critical spin Ising model.

3.4. Potts model. Generalizing the Ising model, one can define a spin model with spins having ) pos-
sible values. This is called the @Q-state Potts model. The energy of a configuration o: V — {1,2,...,Q}
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of spins in the Potts model on the graph G = (V,£) is

E(J) =—J Z (]]-{m=aj} - 1)

(i,5)€E

The Boltzmann weight of a spin configuration is

1 _
Plo = —— [] e

(i,5)€E
To obtain the Fortuin-Kasteleyn representation of the partition function Zpggis, write

eI Meiment ™ = p Ly gy + (1= p),

where p = 1 — e~ #/. The partition function then reads

ZPotts = Z H eﬁj(l{ai:a_,-}*l)

o (i,j)€E
= Z H (p]l{gi:gj}-i-(l—p))
o (i,j)€E
(32) — Z Q#{ connected components of g’}p|£’\ (1 _ p)|5\7|5'|.
g'cg

Note that Equation (3.2) is in fact well-defined for any ¢ > 0 and it defines the Fortuin-Kasteleyn
representation of the Potts model. A special case with Q = 2 gives rise to the FK representation of
the Ising model, and the case () = 1 corresponds to a percolation model on edges of the graph (bond
percolation). In each FK cluster, one can choose from the ) possible values, and, again, the FK clusters
of spins are not the same as the original spins in the @-state Potts model.

The Potts model has a phase transition in a similar manner as percolation. When p = 1 — e/ is
small (high temperature), there is no infinite cluster of aligned spins and the average cluster size is
small, whereas for large p (low temperature), there exists a unique infinite cluster of aligned spins.
For certain regular lattices, the critical inverse temperature 5. can be determined exactly by duality
considerations. For instance, for the planar @-state Potts model with Q > 2 on the square lattice, we

have . = 8.(Q) = % log(1 +/Q), see e.g. [DC11].

In two dimensions, the phase transition is continuous only when 0 < @) < 4. In this range, the two-
dimensional Potts model is critical and a scale invariant continuum limit exists. At criticality, the
interfaces should be again described in the scaling limit by conformally invariant random curves. For the
interfaces between the clusters in the FK representation of the Potts model, one expects the scaling limits
to be SLE,« curves and CLE,« loops, where the parameter x* € [4, 8] is related to the parameter @ by
Q = 4cos®(4n/K*), by arguments using the Hausdorff dimension of the curve, or by CFT considerations
[SD87, BB03, RS05, Bef08]. These curves are not simple when £* > 4, as explained in Section 5.5.
However, the outer boundaries of the SLE,+ are again simple curves that look locally like SLE, curves
with k = 16/k* € [2,4]. For instance, in the case Q = 1, we recover the percolation model with x* = 6
and kK = 8/3.

In the case of the spin Q-state Potts model, the only values of @ for which a continuous phase transition
takes place are Q = 0,1,2,3,4. The interfaces should still correspond with SLE,, and CLE, processes.
The case ) = 2 gives the Ising model, with k = 3 and x* = 16/3. The limit @ — 0 should correspond
to models known as the loop-erased random walk (k = 2) and the uniform spanning tree (k* = 8).
Interfaces in the 3- and 4-state spin Potts models are expected (by CFT arguments) to be described by
SLE,, CLE, processes with k = 10/3 and k = 4, respectively. Numerical evidence for these values has
been found in [WWO03, GC07, Chal0).
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FI1GURE 3.5. The phase diagram of the two-dimensional Fortuin-Kasteleyn model.
Critical behavior occurs at the critical line p = p.(q) for ¢ € [0,4]. At criticality,
interfaces in the model should converge to SLE.« type curves in the continuum limit.
When ¢ > 4, there is also a phase transition at p = p.(¢) but it is of first order
(discontinuous).

3.5. Fortuin-Kasteleyn model. One can say that the Fortuin-Kasteleyn models provide a unifying
family of models for percolation, see e.g. [Gri09, DC11]. The model was introduced by Fortuin and
Kasteleyn in 1969. On a finite graph G = (V, &), the Fortuin-Kasteleyn model (also known as the
random cluster model) is a probability measure on subgraphs G’ = (V',&’) of G obtained by assigning
weight ¢ > 0 for each cluster (i.e., connected component of G’), weight p € [0, 1] for each edge in &’ and
weight 1 — p for each edge in the complement &\ £’:

P[gl] _ 1 p|£'\ (1 o p)|£|—|£'\ q#{connected components of g/}.

Z¥K

The edges of £’ are called open edges, and the complementary edges in £ \ £ are said to be closed.

The cases ¢ = 1 and ¢ = 2 correspond again with percolation and the FK Ising model, and the case ¢ = 4
is equivalent to the 4-state Potts model. When ¢ — 0, there is only one cluster, and taking the limit in
a suitable way (p — 0 and % — 0 simultaneously), only subgraphs which are spanning trees (connected
subgraphs that contain all the vertices and have no loops) of the lattice G contribute. Each of these
is counted with the same weight. This model is called the uniform spanning tree: the tree is chosen
uniformly amongst all spanning trees of G. In fact, the interface between the tree and its dual tree was
shown in [LSWO04] by Lawler, Schramm, and Werner to converge in the scaling limit to the SLEg curve,
and a single branch of the tree (which is in fact a loop-erased random walk [Wil96]) to the SLE,.

With fixed ¢ > 0, the Fortuin-Kasteleyn model should encounter a phase transition at some critical
Pe = Pe(q). The behavior should be similar to percolation in the sense that when p < p., there is no
infinite cluster, while for p > p., there exists a unique infinite cluster. The phase diagram is depicted in
Figure 3.5. For different values of ¢, the phase transition is different. In two dimensions, when ¢ € (0, 4],
the phase transition is expected to be continuous: the infinite-density cluster should converge to zero
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when p \ p.. On the other hand, when ¢ > 4, the phase transition becomes a first order phase transition
(discontinuous). In this case, the infinite-density cluster does not converge to zero when p \ pe.

When ¢ > 1, it has been shown [BDC12| that the critical value of p is the number p.(g) for which the
model is self-dual (for the square, hexagonal and triangular lattices), that is, when the configurations G’
and (G')* are symmetric (recall again Figure 3.4). In the case of the square lattice (which is a self-dual

lattice), the symmetricity requirement implies that p. = p.(q) = 1}(\(1/@ This is related to the loop
representation of the random cluster model, that is, the loops between the subgraph G’ and its dual

(G")*. Using Euler’s formula, one can write the probability measure in terms of the loops as

€]
o1 () A

Note that at the self-dual point p, = T\/\%, the factor (1—;%)\/6

As in the case of the Q-state Potts model, the interfaces between the FK clusters G’ and the dual clusters
(G')* should converge to SLE,- curves and CLE,- loops with x* € [4,8] and /g = —2cos(4n/k*). This
has been established rigorously for the cases ¢ = 0 (the uniform spanning tree), ¢ = 1 (percolation), and
q = 2 (FK Ising model) — see also Figure 3.5.

equals one.

3.6. O(n) models. The O(n) models were introduced in order to provide a unifying family for spin
models — see e.g. [DC11] for more discussion. After the introduction of the Ising model by Lenz and
the (wrong) conjecture by Ising that no phase transition was occurring (but before Peierls’ celebrated
results in 1936), there was active research in order to find natural generalizations that would exhibit a
phase transition. These include the Heisenberg model, where spins are vectors on the sphere S?, and
more general spin O(n) models, where the spins lie instead on the sphere S"~! with n > 4.

On a finite graph G = (V,£), a configuration of the spin O(n) model is an assignment o: V — S*~1 of
spins 0; € S"! with probability

Plo] = #eﬁJZu‘j)es 789

Zspin O(n)
where o; - 0; denotes the scalar product of the two spins 05,0, € S?~!. When n = 1, we obtain the
familiar Ising model. The case n = 2 is called the XY-model (because of the rotational symmetry), and

the case n = 3 is the Heisenberg model. For n = 4, the O(4) model describes the scalar Higgs sector of
the Standard Model. The O(n) model as a lattice field theory is discussed e.g. in the book [Smi02].

The planar O(n) model can be thought of as either a spin model or a model of loops on the plane,

in the spirit of the FK models discussed above. In the loop O(n) model, one considers configurations

of non-intersecting simple loops on the lattice. For n = 1, the loop O(1)-model can be related to the

high-temperature expansion of the Ising model. The idea is to approximate the exponential function by
ePl — e=B7

TOi0j ~u 1 . . } —
€ ~l+xo;-0; where = -—F——"—7-.
ePd +eBJ

Note first that the Ising partition function can be written as

BJ —BJ BJ _ —BJ
ZIsing = Zspin o(1) — Z H eﬂJma'J = Z H (e ze + < 26 Oiaj)

o (i,j)eE o (i,j)eE

On the other hand, with the approximation e*?*? ~ 14 x o; - 0;, we have

Z H (1+:w¢aj)=2 Z H roi0j = Z xls’\z H 0i0j = Z 7€,

o (i,j)€E o E'CE (i,j)e&’ E'CE o (i,j)€E’ loop subgraphs
G'=(V',E)of G
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where we noted in the last equality that, due to the symmetry o; <> —o;, only subgraphs where £’ is a
collection of loops contribute — subgraphs G’ = (V',£’) where at least one vertex has odd degree give
zero in the summation over the spin configurations o € {:I:l}v.

More generally, for n > 2, the partition function is an integral over the spins on the sphere

(3.3) / L H (1+z0;-0;) do = Z p#{loops in G} €] _. Zioop O(n)-
S (i,7)€€ loop subgraphs
G'=(V',E) of G

The graphs G’ that survive the integration over the spin variables o; € S*~! consist of loops on the lattice
(with suitable boundary conditions, also paths between boundary points may appear). The number n
is also called the loop fugacity. Observe that for n = 1, the approximation produces the same partition
function as in the original Ising model (up to a universal multiplicative constant): Zising X Zioop O(n)-

For integers n, the loop O(n) model can be regarded as an approximation of the high-temperature
expansion of the spin O(n) model. However, the model itself makes sense also when n is not an integer
(the right hand side of Equation (3.3) defines the partition function).

3.6.1. Phase transitions in planar spin O(n) models. In the planar spin O(n) models with n > 2,
there is a phase transition which is very different from the phase transitions in the Fortuin-Kasteleyn
models. For instance, in the case of n = 2, in any temperature, the planar O(2) model is disordered.
However, there is a critical temperature where a qualitative change of behavior happens. In very high
temperatures, the spin correlations of the O(2) model decay exponentially fast in the distance between
the spins, whereas in very low temperatures, the decay is only polynomial. It is expected that there is
a critical temperature 3. separating these two phases.

This kind of phase transitions are called Berezinsky-Kosterlitz- Thouless phase transitions, named after
Berezinsky and Kosterlitz-Thouless who studied the spin O(2) model in the 1970s. Compared to the
phase transition in the Ising model (that is, the O(1) model), in the phase transition of the O(2) model,
there is no ordered phase, no global symmetry is broken (by the Mermin-Wagner theorem), and the
order of the phase transition is in fact infinite (i.e., the free energy is infinitely differentiable but not
analytic). In the O(n) model with n > 3, no phase transition is expected, as was already conjectured
by Polyakov in 1975, who argued in [Pol75] that the two-dimensional O(n) model with n > 3 should
exhibit exponential decay of correlations at any temperature.

3.6.2. Phase transitions in planar loop O(n) models. Compared to the spin O(n) models, in
the loop O(n) models, more critical behavior is expected. Some loop O(n) models should also have a
Berezinsky-Kosterlitz-Thouless phase transition between dense and dilute phases. The critical parameter
in the loop model case is © = x., the weight of the length of the loops. When x < x., the probability
of two points 4, j to lie on the same loop decays exponentially fast in the distance |i — j|, whereas when
T > T, this probability has a power law decay. This kind of critical behavior is expected for planar
loop O(n) models for n € [—2, 2], and no phase transition is predicted to occur when |n| > 2. The phase
diagram of the planar loop O(n) models is depicted in Figure 3.6.

Bernhard Nienhuis [Nie82, Nie84, Nie87, Bax86] argued using so-called Coulomb gas methods that, on
the hexagonal lattice, the critical point equals ¥, = z.(n) = (2+ /2 — n)~!/2. This has been rigorously
verified in the case n = 1 (the high temperature expansion of the Ising model) using knowledge of the
Ising model, see e.g. [DC11]. When n = 0, it was proved by Smirnov and Duminil-Copin [DCS12] that
indeed z.(0) = (2 + v/2)~'/2, as Nienhuis predicted. This number is the connective constant of the
hexagonal lattice, related to self-avoiding walks.

It is special in the phase transition of the planar loop O(n) models that the model exhibits critical
behavior both in the dilute phase at criticality (i.e., when & = x.) and in the dense phase (i.e., when
x > xz.). Both critical regimes are expected to be conformally invariant in the scaling limit. However,
the behavior of the model is different in the two regimes. In the dilute phase, at x = z., the loops



19

N
=
o | b
ol "
SlE no phase transition
2T Gansstan free field, k= 4 —% XY model w4
dilute phase, dense phase
critical at = z.(n) —, critical for all > x.(n)
1 4

Tsing model, x = 3 7 percolation, x* = 6

self avoiding walk, x = 8/3 \y uniform spanning tree, £* =8

edge weight «

r = 4r( arccos(—/n/2) )71 € [2,4] K* = dn( arccos(—\/ﬁ/2))71 € [4,8]

— D e e D e ____

FIGURE 3.6. The phase diagram of the two-dimensional loop O(n) model. The region
x < xc(n) is subcritical: correlations have exponential decay. In the region = > z.(n),
correlations behave polynomially and critical behavior is expected. There are two kinds
of critical behavior for n € [—2,2]. First, at the critical line, a continuous Berezinsky-
Kosterlitz-Thouless phase transition from the dilute phase (z < z.(n)) to the dense
phase (x > z.(n)) takes place. At criticality, interfaces and loops in the dilute model
should converge to the conformally invariant SLE, and CLE,; processes with k € [2,4].
Second, in the dense phase x > z.(n), due to the polynomial decay of correlations,
critical phenomena are also observed. Interfaces and loops in the dense model should
converge to SLE,« and CLE«, with k* € [4, 8].

and interfaces (if boundary conditions are imposed) should converge in the scaling limit to simple
CLE, loops® and SLE, curves with x € [2,4] and n = —2cos(47/k), whereas in the dense phase, the
loops and interfaces should converge to non-simple loops and curves, namely CLE,« and SLE,- with
k* € [4,8] and n = —2cos(4nw/k*). This is in accordance with the phases of the SLE, (and CLE,)
discussed in Section 5.5: the SLE, is a simple curve for k < 4, self-touching for x € (4,8), and space

9Strictly speaking, no CLE, exists for k < 8/3 and CLEg,3 is almost surely empty. The SLE, curves, however, make

sense for all k > 0.
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filling for k > 8. Note, however, that in general, for k* = 16/k, the values of n are not the same:
—2cos(4m/k) # —2cos(4m/K*).

We observe that the Fortuin-Kasteleyn model corresponds to /g = —2cos(4m/x*) as well. Indeed, the
critical FK model with parameters (p.(q),q), for ¢ € [0,4], and the dense loop O(,/q) model lie in the
same universality class and should be described by a similar CFT. However, the two models are not
exactly the same — for instance, the energy operators in the two models have different continuum limits.

3.6.3. Relation of the loop O(n) model to other models. In this section, we list some known and
predicted results concerning the relationship of the loop O(n) model with other models and the SLE,.

e In the special case n = 0, no loops are allowed. Then, with suitable boundary conditions, an
interface between two boundary points can be added. At the critical point x = z.(0) (dilute
phase), this curve is a self avoiding random walk that is conjectured to converge in the scaling
limit to the SLEg/3, with central charge ¢ = 0. In the dense phase (z > .(0)), the curve is an
uniformly chosen tree containing all vertices of G, i.e., a uniform spanning tree, whose scaling
limit is the space filling curve SLEg, with central charge ¢ = —1 [LSWO04].

e The n = 1 case corresponds in the dilute phase (at © = z.(1)) to the Ising model with k = 3 and
¢ =1/2[Smi01, CN06, Smil0, CDCH*14], and in the dense phase (z > x.(1)) to the percolation
model, with £* = 6 and ¢ =0 [Smi01, Smil0].

e In the case of n = 2, the loop O(2) model can be described as a height model, viewing each loop
as being oriented in either a clockwise or counterclockwise, such that each loop configuration
corresponds to a configuration of integer valued height variables on the dual lattice — see [Car05]
for details. These height variables can be thought of as the local height of a crystal surface. This
surface is smooth in the low-temperature phase, © < x.(2), and rough in the high-temperature
phase © > z.(2) (that is, the critical, dense phase). At x = x.(2), a roughening transition takes
place and it is believed that the model corresponds to the discrete Gaussian free field'°, dual
to the spin O(2) model, and the interfaces correspond to the self-dual value K = k* = 4 with
central charge ¢ = 1. This model is also equivalent to the 4-state Potts model (n = 1/Q) and a
model called the double dimer model, see e.g. [Kenl4].

o With n = —2, in the dilute phase (at * = z.(—2)), the O(n) model corresponds to the loop
erased random walk with k = 2 and ¢ = —2 [LSWO04].

e There are no O(n) models corresponding to SLE, with « € [0,2). For that range, the dual
values k* > 8 would give rise to somewhat non-physical space filling and non-reversible curves,
see Sections 5.5 and 5.7 for more details.

4. CRITICAL INTERFACES IN STATISTICAL PHYSICS

In Section 3, we saw many examples of critical models described in terms of lattice paths and loops. For
instance, in the ferromagnetic Ising model, such interfaces (domain walls) appear between spins which
are not aligned, see Figure 3.3. Imposing appropriate boundary conditions, one can force macroscopic
random interfaces to appear between given boundary points — even though the starting and end points
of these are fixed, the interfaces still have fluctuations inside the domain. For example, in the Ising model,
conditioning a segment of the boundary to have spins fixed to a particular state and the complementary
segment to have the opposite spins, a macroscopic interface emerges between the boundary points where
the boundary conditions change — see Figure 4.1. In the scaling limit, these interfaces converge to SLE,
curves with x = 3, and the loops in the model converge to conformal loop ensembles, CLE3 [CDCH™14].

10The self-dual value k = 4 of the SLE, has been shown to correspond to the Gaussian free field (massless free boson)
with central charge ¢ = 1 [SS05, SS09, SS13|. The SLE,; curves are the discontinuity curves (level lines) of the free field with
Dirichlet boundary conditions. More precisely, the level lines start from boundary points where the Dirichlet boundary
conditions jump by a specific amount and this discontinuity of the field propagates inside the domain. In the case of
the continuum free field, the mathematical treatment of such level lines (e.g., the almost sure existence of them) is quite
subtle since the Gaussian free field is not a function but a distribution in a suitable Sobolev space, see e.g. [She07, MS12].
A relation of the Gaussian free field with domino tilings is described in [Ken00, Ken01].
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FIGURE 4.1. Simulations of the critical Ising model on a square lattice with alternating
boundary conditions (that is, some boundary segments have spins equal to +1 and the
other segments —1). Interfaces connecting boundary points are highlighted.

4.1. Domain Markov property. The domain Markov property is an important property which holds
for many lattice models with local interactions, e.g. for the spin models described in Section 3 (and
also for many loop models, with an appropriate definition). It is kind of an memorylessness property of
exploration processes (interfaces). Such a property is natural even away from the critical point.

The models described in Section 3 can be defined on graphs G with arbitrary shape. Because the
models have local interactions, the boundary conditions can be naturally defined around a crosscut
in the domain, for instance determined by exploring an interface starting from the boundary. The
“colors / spins” on both sides of the exploration curve naturally extend the boundary conditions. Consider
an exploration process in G, which e.g. for the Ising model is defined by following the interface between
the opposite spins step by step, starting from a point on the boundary where the boundary conditions
change, so that on the left one always has negative spins and on the right positive spins, say (see
Figure 4.1 for illustrations of such situations). One eventually hits the boundary at another point where
the boundary conditions change. Let v(k), for k = 0,1,...,n, denote the exploration process in G, in
discrete time. Explore an interface up to some time ky. Consider the exploration process 74 for the model
on the smaller grid G = G\ 7[0, ko), started from the tip 7(ko), where the boundary conditions are taken
as before on G and naturally continued to both sides of the segment [0, ko] of oG (in our example,
negative on the left of v[0, kg] and positive on the right). Then (see the proof below), the distribution
of the exploration process 7 associated to the model on the grid G with the crosscut ~[0, ko] equals the
conditional law of the original process 7 on the original graph G given the initial segment [0, ko]. This
is called the domain Markov property.

The domain Markov property can be formulated for curves in general, regardless of whether they are
in the discrete setting or in continuum. To formalize the property, let G C A C C a graph on a (simply
connected) domain and let v: [0,1] — A be a (discrete or continuous) curve between two boundary
points v(0) = a € OA and (1) = b € 9A, e.g. the exploration curve above. For simplicity, we assume
that the curve is simple, i.e., that it has no self-touchings (more generally, one considers the hull of
7). Suppose the curve is random, with the probability distribution'! P = P(*%?), The domain Markov
property states that, for any ¢ € [0,1] (even more generally, one could let ¢ to be a stopping time), the
conditional law of the curve ~[t, 1] given its initial segment [0, ] equals the law PAM\YIOH7(1:0) [y [z 1]]
associated to the smaller domain A \ v[0, ¢] with an interface from the tip v(t) to b:

(4.1) P [y[t,1][y[0, 8] = POIOAAO [[1, 1]].

HOne should bear in mind that the probability measure P(4:%:%) of ~ is in fact defined on a space of curves modulo
increasing reparametrizations.
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To prove this, let us look at a spin model on the lattice G with the Boltzmann distribution P(*) We
assume that the boundary conditions of the spin model are chosen so that there is an interface between
a and b. In this setup, the discrete interface is a set of edges of the dual lattice (as in Figure 3.3) and
the probability of an interface configuration ~ is the sum of the Boltzmann weights over all possible spin
configurations o compatible with the interface . The probability of observing v = [0, 1] is

e~ BENY (o)
Aab) ZP(Aab)’Y|U Aab ZPAab 'Y|U ey ,

where P(1®)[y|o] denotes the conditional probability of the interface v = [0, 1] given the system in a
specific spin configuration o.

Now, given a segment [0, t] of the interface, the conditional probability of the rest v[t, 1] of the curve is

Phad) [y0, 8] Unft, 1] 3, PAad [y]0,] Un(t, 1]|o] e 7BV (@)
PRhatyo. ] 3, PRl [y[0, 4[] e= BNV

p(f.ab) [’Y[tv 1] "7[07 t]] =

Along the crosscut v[0,t], the boundary conditions of the model are obtained by fixing the spins on
both sides of the observed interface +[0,¢]. In terms of the Boltzmann distribution, the weights of the
configuration are modified locally along the interface. For instance, for the Ising model, we have

e BEN D (o) _ 7(Aab) p(Aa, B)[g] = ZAW0.0:(1).6) pAYI0AA(1).b) 4] H oBIoioi

(i,9)€€&:
(2,3)L[0,t]

Now the conditional probabilities P(a:b) [7[0,]|¢] and p(A.a.b) [7[0,t]U~[t, 1]|o] vanish unless the spins
o; take different values on both sides of the path «[0,¢]. This gives restriction to the summation over
spins, and the last factors

H eﬂJo’in — H efﬂJ

(4,5)€E: (i,§)€E:
(4,5) L~([0,¢] (4,5) L~([0,¢]

can be taken out of the summation and they then cancel. We obtain

Yo PO [y]0, ] Ut 1]]o] PAVIOAA DD (o] TT(; 5y 11104 €777
Sy PAab) [4]0, 8] |o] PAOAA():0)[o] 1) 1q(0.0 €777

165y 1400, i > pA.eb) [7[0, Ut 1] |&] PAVIA7(0).0) (5]
H(i,j)i'y[o,t] e=hJ Z& P(Aab) [’7[0» ﬂ |&] PA\YOH7(2),6) [5]

S5 PAab) [v[0,¢] U~[t, 1]|5] PA0:L:7(1):5) (5]
S5 P(A«z,b)[ [0, t” ] PA\[0.2,7(8).0) [5]

pA.e.b) [7[t7 1] "7[0’ t]] =

where &: V \ 7[0,t] — {£1} are spin configurations on the lattice G \ [0, ] with the crosscut [0, ¢].
We can now conclude by observing that the denominator equals one:

Z p(A.a.b) [+[0,4]|5] PAOAA(®):0) (5] = pAOH(2),0) [v[0,4]] =1,

and that the numerator thus yields the domain Markov property (4.1) for the law of the segment ¢, 1]:

p(A.a.b) [vt, 1]|+[0, %] Zp(Aab) [0,8] U~[t, 1]|5] PAVYI08.7(1).0)[5] = pAVI[0.2]:7().) [[t, 1]].
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4.2. Conformal invariance. We formulated the domain Markov property in terms of interfaces
regardless of whether they lie in the discrete or continuum setup. For scaling limits of discrete interfaces,
we expect this memorylessness property to be true even away from the critical point. There is another
property, conformal symmetry, which is only expected to hold for the scaling limits at criticality. This
symmetry can be stated for the interfaces by requiring that the law of the random interface ~ is invariant
under conformal maps. More generally, the scaling limits of critical models should be described by
conformal field theories. Local observables should converge to fields in the CFT and especially, the
correlations should converge to CFT correlation functions. We will not pursue the complete description
of the scaling limits in this thesis, but concentrate on the properties of interfaces.

Consider measures P(A+%) on curves in simply connected domains A C C connecting two given boundary
points a and b. Such measures are labeled by the data (A, a,b). Assuming conformal invariance, the
measures are determined for any data (A, a’,b") via

(4.2) PaD ] = PO g 0 4],

where ¢: A — A’ is a conformal equivalence such that ¢(a) = o’ and ¢(b) = b’'. By the Riemann mapping
theorem (see Section 5.1), such a conformal map ¢ is completely determined by fixing three real parame-
ters, and thus, after fixing the images of the points a and b, one degree of freedom remains. To completely
characterize the measures on curves with the data (A, a,b), one has to impose an additional property
— the domain Markov property (4.1). This leads to Schramm’s classification of those random curves,
i.e., probability measures on the set of curves with the data (A, a,b), that even have a change to arise
as scaling limits of critical interfaces. These random curves are known as Schramm-Loewner evolutions.

Bibliographical comments. Scale invariance and conformal invariance in relation with statistical
physics is most often discussed in the context of conformal field theory. John Cardy has written numer-
ous inspirational and illuminating surveys connecting CFT and statistical mechanics, see e.g. [Car87,
Car90, Car96, Car10]. Of course, also in the CFT literature, conformal invariance at criticality is dis-
cussed, see e.g. [DFMS97]. Also the recent book [Mus10] is worth mentioning because it gives a modern,
unified, and thorough survey on lattice models, critical phenomena as well as QFT and CFT.

5. SCHRAMM-LOEWNER EVOLUTIONS

Around the year 2000, Oded Schramm investigated the implications of the two assumptions of conformal
invariance and domain Markov property on the possible probability measures on random curves in
continuum domains [Sch00]. He proved that there is an one-parameter family of such random curves,
called (SLE,;).>0, which he called stochastic Loewner evolutions (the terminology has thereafter changed
to Schramm-Loewner evolutions to recognize the contributions of Schramm in the theory). The crucial
observation of Schramm was that these curves can be described as growth processes encoded in conformal
mappings called Loewner chains. We have seen that, on the lattice, the interfaces may be grown through
a discrete exploration process. The Loewner chain is the continuum version of this.

In general, growth processes in two dimensions involve time-dependent subsets of the complex plane C.
These can be curves 7(t), or more general domains, e.g., growing families of hulls K; — a hull is a
bounded relatively closed subset K C A of a simply connected domain A such that also A\ K is simply
connected. In Loewner theory, such growth processes are encoded in families of conformal maps, Loewner
chains [Loe23]. In this thesis, we will concentrate of growth processes associated to curves, keeping an
eye on the growth process description of critical interfaces of planar lattice models.

Bibliographical comments. Surveys related to SLEs and scaling limits include (but are not limited
to) the lecture notes and books [KN04, Car05, Law05, BB06, Wer06, Dup06, HKB* 12, Kem16]. For ref-
erences concerning growth processes and Loewner theory, we recommend [BB06, Law05, BN16, Kem16],
for standard complex analysis, e.g. [Con78, Ahl79, Pom92, Con95|, and for stochastic analysis, the reader
may consult e.g. [Dur96, RW00a, RW00b, RY05, Dur10].
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5.1. Riemann mapping theorem. In Loewner theory, the Riemann mapping theorem is the starting
point in encoding two-dimensional growth processes in terms of conformal maps. In such a description,
one takes a conveniently chosen reference domain (depending on the geometry of the problem, some
choices are more convenient than others — the unit disc D = {z € C | |2| < 1} and the upper half-plane
H = {z € C| Sm(z) > 0} are quite often used). The growth processes in other domains can then be
compared with the chosen (hopefully) well-understood reference domain.

The Riemann mapping theorem states that any two simply connected proper subdomains (open, con-
nected subsets) of the complex plane C are conformally equivalent. Furthermore, fixing three real
parameters determines the conformal equivalence between any two such domains uniquely. For us, it
is most convenient to fix the images of three boundary points. In this case, the Riemann mapping
theorem states that for any two simply connected domains A, A’ C C and triples 21, 22,23 € A and
wi,wa, w3 € ON of boundary points'? appearing in counterclockwise order along the boundary, there
exists a unique conformal bijection ¢: A — A’ such that ¢(z;) = w;, for i =1,2,3.

5.2. Loewner evolutions. In its construction as a growth process, the time evolution of the SLE curve
7 is encoded in a collection (g;);>o of conformal maps z — g¢;(z), called a Loewner chain, satisfying the
Loewner differential equation [Loe23, Law05, BN16, Kem16|:

d 2

(5.1) &gt(Z) = m7

for z € H and ¢ > 0, where X; is a real-valued function, called the driving function. In the general

Loewner theory, solutions to the Loewner equation (5.1) give rise to growing families of hulls and the
driving function ¢ — X; describes the time evolution of a small piece of the growth process.

Note that the solution of (5.1) is defined up to the explosion time T, = inf {t > 0| g:(z) = X,}, that
is, the smallest time when the denominator in the equation is zero. If K; denotes the closure of the set
{z e H| T, < t}, then, for each t € [0,T,), the map z — g;(z) is the unique conformal isomorphism

go(z) = z,

1
(5.2) g H\ Ky - H such that gi(z2) =2+ 0O (;) as z — 00.

Note that the expansion at infinity fixes three real degrees of freedom: g:(c0) = 00, gi(00) = 1, and the
constant term in the expansion is zero (this is called the hydrodynamic normalization). The inverse map
gt_ls H — H\ K; grows the hull K, at each time instant ¢, and (K});>o is a growth process: K, C K,
for s < t. For instance, in the case when K; = (0, ] is given by a simple curve -, we have

— lim g7 }(X, + ig).
v(t) lim g; (Xt +1ie)

In the simplest case, taking X; = 0, the solution of Equation (5.1) is simply g¢:(z) = v/22 + 4t, and the
growth process generated by this Loewner evolution is the straight line segment ¢ — 2iv/%.

The core observation in the Loewner theory is that also the converse is true: continuously growing
hulls correspond one—to—one to Loewner chains (g;);>¢ with continuous driving functions X,.
For instance, any curve 7: [0, 00) — H can be described in terms of solutions ¢ — g;(2) to (5.1) as follows.
For simplicity, assume that + is a simple curve, and let g; be the conformal maps (5.2) with K; = (0, ]
for each t. It can be shown that the coefficient of 1/z in the expansion of ¢; is monotonic increasing in ¢
(it is the capacity of the hull K; seen from infinity, describing the size of K; in a conformally invariant

way). Therefore, by reparametrizing the time'3, we may assume that
2t 1

(5.3) gt(z):z+—+(9<—2> as z — 00.
2 2

We say that in this case, the time is parametrized by capacity.

1211 this thesis, we will not delve into the details of how boundaries of rough domains should be defined.

13Note that the length of the curve is not a useful parametrization if the curve is a fractal, which is the case for instance
for the Schramm-Loewner evolution curves. However, one can make sense of a natural parametrization in terms of length
by considering “the average time” the curve spends in neighborhoods of points z € H, see e.g. [LS11, LR15, LV16|.
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FI1GURE 5.1. The left figure depicts a curve v between two boundary points a,b € OA
of a simply connected domain A. The figure on the right illustrates the Loewner map
g:: H\ K; — H. The domain Markov property states that the purple piece of the curve
in the lower picture is distributed as the chordal SLE,; in H from ¢;(y(t)) = X: € R to
0o. The image of the tip of the SLE, curve v is the driving process X; = \/kB;.

One can show that, for any ¢ € [0, 00), the limit

X = lim
t —(t) in Hgt(f)

exists and it defines a continuous function ¢ — X; on [0, 00). Moreover, for any z € H\ K, the process
t — gi(z) satisfies the Loewner differential equation (5.1) with the driving function X;. To see this,
imagine evolving v for a short time, from ¢ to ¢ 4+ §¢. Then, the segment ~[t, t + 6t] maps under the map
g: into a short vertical line above the point X; € R. Therefore, the map g;1s: should look like

greae(2) = Xy + 1/ (u(2) — X0)? + 46t

Differentiating this with respect to ot and taking 6t — 0 gives Equation (5.1).

More generally, one can define a local growth condition which guarantees that a given growing family
(K)i>0 of hulls is described by a Loewner chain. The requirements are:

e the half-plane capacity of K; is increasing and continuously differentiable in ¢
e the mappings (5.2) satisfy the following local growth condition: for any t € [0, c0),

ﬂ gt(Kt-i-(S \ Kt) = Ut (S R
6>0

is a single point and the map ¢ — U, is continuous.

If the above conditions hold for (K;);>0, the mappings g, satisfy the Loewner differential equation (5.1)
(when parametrized as in (5.3)) with the continuous driving function ¢ — U; = X;. Such more general
growth processes are important for instance when considering curves with self-touchings, such as the
chordal SLE,, with x > 4. We refer to the literature for more details [Law05, BN16, Kem16].
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FIGURE 5.2. [Illustration of various situations of the behavior of the SLE, curve 7.
When « € [0,4], then v a simple curve, as depicted in the leftmost figure. When
K € (4,8), then v is no longer simple curve, but it bounces off itself and the boundary,
as depicted in the middle figure. Finally, for x > 8, the SLE, curve vy winds left and
right filling the whole space, as illustrated in the rightmost figure (with x slightly less
than 8). The parameter « is related to the amount of winding of the curve as it grows
(and also to its fractal dimension).

5.3. Schramm-Loewner evolutions. The chordal Schramm-Loewner evolution (SLE) is a (probabil-
ity) measure P(A.a.b) on curves indexed by the domain data (A, a,b), where A C C is a simply connected
domain and a,b € 9A are two boundary points of A. The (chordal) SLE can then be thought of as a
random oriented, non-self-crossing curve in A between the two boundary points a, b. It is believed, and in
some cases proven'®, to be the scaling limit of chordal interfaces of discrete models in simply connected
domains. To describe scaling limits of loops, interfaces in models with more general boundary conditions,
or interfaces in non-simply connected domains, variants of the chordal case have been introduced — see
e.g. [SWO05, She09, MS13, KS15]. These include the radial SLE [Sch00, RS05], dipolar SLE [BBHO05], so
called SLE, (p) processes [LSWO03, SW05], and conformal loop ensembles CLE [She09, SW12] , of which
the last one is a measure on random collections of loops arising as scaling limits of loops in the models
discussed in Section 3. In this thesis, however, we concentrate on the properties of the simplest variant,
the chordal SLE,.

By conformal invariance of the law P(*®?) of the chordal SLE, curve, it suffices to construct it in our

favorite reference domain. We choose to define the SLE,; in the upper half-plane H from a = 0 to b = cc.
According to the Riemann mapping theorem, for any simply connected domain A with two boundary
points a,b € OA, there exists a conformal bijection ¢: A — H such that ¢(a) = 0 and ¢(b) = oo, and
the conformal invariance property gives

pha)[y] = P00 4],

The SLE, curve 7y can be constructed as a growth process, where the time evolution is encoded in a
solution to the Loewner differential equation (5.1). Originally, Charles Loewner considered in [Loe23]
continuous, deterministic driving functions (continuity of X; ensures that the hulls K; grow only locally).
The groundbreaking idea of Schramm in [Sch00] was to make X; random: let X; = \/kBy, where B, is
a standard Brownian motion.

One can show that the growth process (K;);>¢ determined by the solution ¢ — g;(z) to (5.1) with the
random driving function X; = /kB; is indeed generated by a random curve v: [0,00) — H in the
sense that H \ K; is the unbounded component of H \ [0, ¢] (we then say that K; is the hull of ).
By definition, this curve is (a parametrization of) the chordal SLE, curve in H from 0 to oo (see also
Figure 5.1). When the curve is simple, the hull is just the curve itself: K; = ~(0,t], but the curve ~
can also bounce off from itself. Then, there are regions enclosed by the curve « which are not on - but
nevertheless are not reachable from infinity (illustrated in blue in Figure 5.2). We then say that the
regions are swallowed by the curve ~.

14The convergence results include the loop-erased random walks and uniform spanning tree [LSWO04], interfaces in
critical percolation [Smi01, CN07, CNO6|, the critical Ising and random cluster models [CDCH%14], and the discrete
Gaussian free field [SS05, SS09, SS13]. However, there are models, such as the self-avoiding walk, for which a conformally
invariant scaling limit has not been rigorously proven to exist (conjecturally, the SAW converges to SLE8/3).
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5.4. Schramm’s argument. Suppose that v is a random curve described by the solutions ¢ — g;(2)
to the Loewner equation (5.1) with a continuous driving process X; and assume that X, is invariant
under the reflection’® X, <+ —X,;. Assume also that the law of 7 is conformally invariant and that
it satisfies the domain Markov property (4.1). Schramm showed that in this situation, we must have
X; = /KBy for some x > 0. So Brownian motion is the only possible choice for the driving process in
order to describe the scaling limit of a chordal interface in a critical statistical mechanics model (having
the reflection invariance) as a Loewner growth process, and the only possible scaling limit is the chordal
SLE, curve. Relaxing the reflection invariance, however, variants of the SLE,, can be obtained.

To prove Schramm’s result, denote 4(s) = g;(vy(t +s)) — X;. By the assumed conformal invariance (4.2)
and the domain Markov property (4.1), the curve s — 4(s) is distributed as v and it is independent of
the realization of [0,¢]. The Loewner chain associated to %[0, s] is

(54) gs(z) = Jt+s © 9;1(2 + Xt) - Xy

Namely, at z — oo, we have the following expansions (where the time is parametrized by capacity):

2t 1 2t 1
gt(z):ererO(?) = g;l(z):zf;+(9< )

22

SO giys © g; '(z 4+ X;) has the expansion (the ellipses denoting terms of order O (Z%))

_ 2t
9t+s(gt 1(z—|—Xt)) = Gi+s <z—|—Xt— Z—I—Xt) 4.

2t 2t+s) 1

¢ Z+Xt Z+Xt1_zf§(t
2 2t + 5) ( 2t )
- X, — 1—
Z+ ¢ Z+Xt+Z+Xt Z+Xt+ +
2s
= X
R PR
-1
where we expanded (1 - zfg(t) as a geometric series. Subtracting X;, this is the desired expan-
sion (5.3) for gs. Now, differentiating Equation (5.4) with respect to s, we see that
d . (2) 2
~9s\2) = = ’
ng‘ gS(Z) — (Xt+s — Xt)

so the driving process of 4 is X, = X, 4, — X;. Moreover, since s — 4(s) is distributed as v and it is
independent of [0, t], the process X is also independent of [0, ¢] and distributed as X.

Together with continuity of ¢ — X; and the reflection invariance X; +» —X;, the independence of the
increments Xy, — Xy and X; implies that X; = /kB; + ut, a Brownian motion with drift. Now,
the scaling invariance of the law of the curve gives that X; has to satisfy Brownian scaling: under the
transformation z — Az, the driving process transforms as X; — AX;/52, and by conformal invariance,
AX;/y2 has the same law as X;. Therefore, we must have y = 0. This concludes Schramm’s argument.

Moreover, one can show that the converse is also true: each continuously growing family of hulls K; is
realized via the Loewner equation (5.1) and furthermore, for any X; = /kB; and k > 0, the evolution
of the hulls in fact is a continuous curve, almost surely [RS05]. The curve cannot have self-crossings
because then the driving function ¢ — X; would become discontinuous at such points (this gives rise to
branching processes). However, it can have self-touchings and it can even be a space filling curve. The
behavior of the curve is determined by the speed parameter k, as illustrated in Figure 5.2.

L5The reflection invariance is a very natural assumption which holds for many interfaces discussed in Sections 3 and 4
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FI1GURE 5.3. Ilustration of the SLE,; curve hitting or swallowing the point x. In either
case, the curve hits the real axis. The event is encoded in the Bessel process Y; being
zero: as the curve approaches the real line, the point z becomes less and less visible
from infinity, which implies that under the Loewner map ¢, it is mapped very close
to Xt-

5.5. Phase transition in x. The parameter x characterizes the behavior of the SLE,; curve: in some
sense, it describes the winding speed of the curve in H. Also, the roughness of the fractal SLE, curve
is related to k: the larger x, the rougher the curve is. There is a drastic change in the behavior of the
SLE, curve at two specific values of k. First, when 0 < x < 4, the SLE,, is a simple curve, almost surely.
When k > 4, the curve almost surely touches itself and the real axis. Finally, when x > 8, the curve is
almost surely space filling.

To see why such a phase transition at k = 4 takes place, we need to investigate whether the SLE, curve
hits itself (or the real axis). To study the behavior of the curve, we consider the time evolution of the
tip of the curve with respect to a chosen reference point z € R. Let

Y = Yile) = = (gu(e) — X)) = 22 _p,

NG VK
The process Y; = Y;(x) encodes the times when the SLE, curve hits or swallows the point x: at times
when Y; is zero, the curve either hits or swallows = (see Figure 5.3). In either case, it then also has to
hit the real axis. Using the Loewner equation (5.1), one can calculate the stochastic differential

2/k
Y
This means that Y; is a Bessel process of effective dimension 1 + 4/k. For such a process it is known
that when x < 4, the process Y; never hits zero, whereas for k > 4, the process Y; hits zero in finite
time, almost surely. Recall that in terms of the behavior of the SLE, curve, Y; hitting zero means that
the curve hits or swallows the point x € R. Thus, when k < 4, the curve never hits the real axis, almost
surely, and by a similar argument, it never hits itself (i.e., it is a simple curve). On the other hand,
when k > 4, the curve hits both itself and the real axis almost surely. A more rigorous treatment of the

phase transition at k = 4 (and at x = 8) can be found e.g. in [Law05, BN16, Kem16|.

dY; = dt + dB;.

The phase transition at £ = 8, when the curve becomes space filling, can be proved by a more careful
analysis of the process Y;. One has to keep track of the swallowing of two points z,y € R simultaneously,
and also to consider Y; = Y;(z) for a point z € H in the interior of the upper half-plane. We refer to the
literature for the detailed arguments, e.g. [Law05, BN16, Kem16]. Note that the property that SLE,
is space filling for x > 8 is also visible in the behavior of the Hausdorff dimension of the curve: the
dimension is /8 + 1 when 0 < x < 8, and 2 when x > 8.

5.6. k <> 16/k duality. When s > 4, the SLE,; curve touches itself from time to time, and as a result,
regions of H are swallowed by the curve, as illustrated in Figure 5.2. However, one can also trace the
frontier of the hull of the SLE,, curve, that is, its outer boundary. The frontier is a simple curve which
in fact locally looks like an SLE.« with x* = 16/k [Dup00, Bef04, Dup04, Dub07, Zha08a]. In the
language of conformal field theory, the two SLEs correspond with CFTs with the same central charge

c(k) = 5=(k—6)(8 — 3k) = ¢(k*). It is to be noted, however, that the correspondence is only local — in
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fact, the frontier is a non-trivial variant of the chordal SLE,+ where the driving function is of the form
VKk*By 4+ pt with a non-zero (and rather complicated) drift function .

5.7. Reversibility. The definition of the chordal SLE,; curve is a priori very asymmetric: the starting
and end points are specified, but the Loewner chain grows an oriented curve from the starting point
to the endpoint. However, interfaces in discrete models apparently do not care about the orientation.
Therefore, the SLE, curves should also be reversible with respect to switching the starting and end
points. This is not clear at all from the definition, since in H the mapping z — 1/z interchanging 0 and
oo also changes the parametrization of the curve drastically. This can be dealt with [ZhaO8b| but the
rigorous proof is very involved.

It turns out that the chordal SLE, curve is reversible only in the regime € [0, 8]. This might be related
to the fact that there are no O(n) models corresponding to SLE, with x € [0,2), as in this regime, the
dual value would be x* = 16/ > 8. The limiting case k* = 8 corresponds to the uniform spanning
tree, which is the dense phase of the O(0) model. The dual value x = 2, the loop erased random walk,
appears as the critical dilute phase of the O(—2) model, see also Figure 3.6.

5.8. Cardy’s formula for crossing probabilities. One of the remarkable successes of the conformal
field theory description of critical models of statistical mechanics is John Cardy’s prediction of crossing
probabilities in critical percolation [Car92|, that is, the probability that there exists a yellow cluster
connecting to opposite sides of a rectangle®. Cardy’s original derivation of the crossing formula relied on
arguments from boundary CFTs and the formula was conjectured to be conformally invariant. Numerical
evidence supporting the prediction was obtained in [LPSA94]. This percolation crossing formula has
now been rigorously proved by Smirnov [Smi01] — it was in fact a crucial ingredient in the proof of the
conformal invariance of critical percolation in the scaling limit, an achievement worth the prestigious
Fields medal.

In the continuum, Cardy’s formula applies to SLEg, the scaling limit of critical percolation interfaces
(as Smirnov proved in his celebrated work). It may in fact be extended to a formula valid for arbitrary
Kk >4, see [LSWO01b, LSW01lc, LSW02¢| and in arbitrary simply connected domains. We give below the
more general crossing formula.

Consider the event that in the percolation configuration, there is a yellow cluster connecting two disjoint
boundary segments AB and C'D. In the SLE framework, this crossing problem can be converted into
calculating the probability of the event that the SLEg curve hits a suitable interval. By conformal
invariance, we may consider the problem in the upper half-plane H with the segments AB = (—o0, x1)
and CD = (0,x2), where 1 < 0 and zo > 0, (see Figure 5.4). In the lattice picture, one would then
consider critical percolation on an infinite lattice in the upper half-plane, the boundary conditions chosen
such that the segments (—o0,0) and (0, +00) would be colored purple and yellow, respectively. Then,
an exploration process could be defined starting from the origin and following the interface between the
two colors. In the continuum limit, this interface would then be the chordal SLEg curve.

Now, because kK = 6 > 4, the curve hits the boundary JH = R, so every point x € R is eventually
swallowed by the SLEg curve. In particular, either the point z; is swallowed before zo or vice versa.
These two cases correspond to the event of having a yellow cluster connecting AB = (—o0,z1) and
CD = (0,z3), and the complementary event, as illustrated in Figure 5.4. In particular, there is such a
yellow cluster if and only if 2 is swallowed before x5. In fact, this argument works for any x > 4 (this
is the regime when the SLE,; swallows points). The crossing probability can thus be written in the form

IP[ there exists a yellow crossing (—oo, 1) — (0,22) | = P[ 21 is swallowed before 25 | =: P(z1, 22).

16Cardy’s crossing probability is not the only formula predicted for critical percolation using CFT arguments. For
instance, Watts predicted another crossing formula for percolation in [Wat96|, see [Dub06] for the rigorous proof. Watts’
formula gives the probability in a rectangle of the existence of yellow clusters crossing simultaneously from the right to left
and from top to bottom. There is also a formula proved by Schramm [Sch01] for the probability that a given bulk point
lies to the left of the exploration curve.
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FIGURE 5.4. Illustration of the crossing event from (—oo,z1) to (0,z2) by yellow
hexagons in critical percolation, and how it is related to the SLEg curve swallowing the
point x; before the point zs. In the top figure, such a crossing event happens and the
exploration process swallows x; before x5, whereas in the bottom figure, the point zo
is swallowed before z; and the purple crossing forms an obstruction against having a
yellow crossing from (—oo, 1) to (0, z2).

By the domain Markov property of the SLE, (for any x > 4), conditioning on an initial segment |0, ¢]
of the SLE, curve, we get a (local) martingale:

M; = IP’[ x1 is swallowed before xo | ~[0, ¢] ]
= P[ g:(x1) — X is swallowed before g;(x2) — X; |

= P(a(@) ~ Xorgi(a2) X))

because the domain Markov property for the SLE, says that conditioning on [0, t] amounts to mapping
by the Loewner map g; — X; and starting over. Let us calculate the stochastic differential of this
martingale. First, using the Loewner equation (5.1) and the equalities X; = /kB; and d(B., B.); = dt,
one can calculate that

d(ge(z) - X,) = 2tht—ﬁdBt, d(g.(2) — X.g.(y) — X)1 = nt.

gi(z) —

1to’s formula then gives

AM; = dP(ge(z1) — Xy, g(2) — Xo)

k(8 d\? 2 d 2 )
=dt —(——i——) +—-——t————|P - X, - X
(2 O D gt(h) — X, 0r, gt($2) X, 8x2> (gt(xl) t gt(xz) t)

9,0
81‘1 83:2

\/EdBt< )P(gt(xl)Xtvgt(@) - Xi)
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Equating the drift term of the martingale M, with zero, one arrives at an ordinary differential equation'”
for the crossing probability:

k(0 d )2 2.0 20
B e ———+ —— | P2, =0.
(2 (61‘1 + 8332 * X1 8331 + T 81‘2> (xl 1’2)
By investigating the behavior of the SLE,; curve, one can deduce the appropriate boundary conditions
for the solution P(x1,x3). Clearly, when one of the points is zero, it will be swallowed first. Hence,

P(O,Jfg) = 1, P(l‘l,O) =0.

Applying a scaling, the solution to this problem reduces to an expression involving the ratio n = —% >0

and the hypergeometric function o F7,

I'(2(k—4 > 4 4 4
P(xh‘”?):;(ﬁ(ﬂ )>2/ wE )y =1 e R (771—7,2—7;477 )
1"(%(5_4)) n K —4 K K k' n+1

Taking x = 6, this reduces to Cardy’s formula for percolation crossings [Car92.

The above arguments were purely probabilistic. In this thesis, we omit the (quite nice!) CFT derivation
of the crossing formula but strongly encourage the reader to take a look at the CFT point of view in
the literature, e.g. [BBO6].

As a final remark, we note that Cardy’s crossing formula has a particularly simple form in a equilateral
triangle. Let A = ¢"/3, B =1, and C' = 0 be the corners of the triangle A. In the scaling limit, the
probability of the crossing event from AB to CD = [0, z] is a linear function:

PP[ there is a crossing from [¢'™/3,1] to [0,2] ] — = in the continuum limit.

In fact, Cardy’s formula (with x = 6) is related to the Schwarz-Christoffel transformation from (H, 0, 1, o)
to (A,0,1,e7/3), see e.g. [BN16] for details.

6. RESTRICTION PROPERTIES OF SLE,

In general, one might be interested in what happens to the measure of a random curve in a domain
A when perturbing A. For instance, if A’ C A, how are the measures in A and A’ related ? Can the
measure of random curves in A’ be regarded as a restriction of the measure of random curves in the
whole domain A ? Also, what happens in perturbation of the boundary conditions? In this thesis, we
are of course interested in the case of the SLE, curves, and such questions arise naturally in discrete
lattice models of statistical mechanics, whose scaling limits involve SLEs.

More formally, suppose A’ C A (assume both A and A’ are simply connected) and let a,b € A NIA’.
One might hope that the measure P of random curves from a to b in A would be the same as
the measure P(A"-%) of random curves in the smaller domain from a to b. This might be achieved by
conditioning the curve y ~ P®®) to stay in A’. Note, however, that when x > 4, the SLE,. curves
have self-touchings and they also bounce off the boundary of the domain. Therefore, conditioning such
an SLE, curve to stay in a smaller subdomain does not really make sense, since this would require
conditioning on an event of probability zero — indeed, for the chordal SLE, curve 7 in (A,a,b) with
k > 4, we have P[y C A’] = 0 almost surely. On the other hand, when 0 < x < 4, we have P[y C A'] >0
almost surely, so the conditioning makes sense. In the latter case, one can look at so called restriction
measures and show that the above type of property indeed holds for SLEg/3 (and for x = 8/3 only)
— see Section 6.2 for details.

171 fact, this differential equation is the null-state equation for the primary field ¥y o (or Wy 1) of Kac conformal
weight hy o = 6{—: (or ho,1) in a degenerate boundary CFT with central charge c(k) = i(n —6)(8—3k) [BPZ84b, Carg4,
Car86, DFMS97, Car06]. The reason for this is that starting points x of chordal SLE, curves correspond with boundary

changing operators ¥ 2(z) and W2 1(x) having degeneracy at level two [BB02, BB03, FWO03].
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But what to do with self- and boundary touching curves? Instead of the difficult task of conditioning
the curve to stay in a smaller domain, one can look at an initial segment of the curve before it exits A’.
This leads to the concept of locality.

6.1. Locality of SLEg. In the discrete setup, the idea of the locality property is that the growth process
does not feel the boundary of the domain as long as it does not hit it. For an example, consider interfaces
in critical percolation. Take two copies of the same sample on G and add boundary conditions in such
a way that in one sample, yellow hexagons are added to a boundary segment between a and b and
purple hexagons to the complementary boundary segment, and in the other sample, do the same with
the point b replaced by ¢. Then, the percolation configurations agree inside the domain but on the
boundary segment bc between b and ¢ not containing a, the colors disagree. Start now exploring the
interface from a. By the locality property of percolation (which is a consequence of the independence
of the colorings of the hexagons), the exploration processes in (G, a,b) and (G, a, c) agree until the first
time of hitting the boundary segment bc.

The notion of locality can also be formulated in continuum, and in fact, the only possible value of k that
can be related to the scaling limit of the percolation interfaces can be identified — it turns out that there
is exactly one value of  for which the locality property holds: k = 6. This was first proved in [LSWO01b].
Later, a much simpler proof appeared in [LSWO03|. Locality allowed to strengthen the conjecture that
SLEg was the scaling limit of critical percolation interfaces even before the rigorous proof of Smirnov.

The locality property can be studied by comparing two SLE, processes in H, one from 0 to oo and one
from 0 to € R. Let v be the SLE,; in (H, 0, 00). Let ¢: H — H be a conformal map with ¢(0) = 0 and
¢(00) = x. Then, by conformal invariance, the image curve 4 = ¢ o« is an SLE,; in (H, 0, ). Let K;
be the hull of v and let ¢g;: H\ K; — H be the Loewner chain associated to ~ satisfying the Loewner
equation (5.1). Let also K; be the hull of 4 and let §;: H\ K, — H be the Loewner chain associated to
4, normalized as in (5.2) (that is, in hydrodynamic normalization). Then, §; satisfies a slightly modified
Loewner equation:

d 2at
(6.1) —g(2) = —/———=,
d gi(2) — Xi
where the time parametrization is not at our disposal — hence the factor a; in the equation. Finally,
denote by ¢y = g0 ¢pog; ': H — H. Then, the driving process of the curve 7 is X; = ¢;(X;), where
X: = g:(y(t)) = /KB is the driving process of the chordal SLE, curve 7.

Differentiating the equation g; o ¢ = ¢; o g, with respect to ¢ and replacing g:(z) = w, we get

2at d 2

(6.2) () — % % P (w) + ¢;(w)w X,

Because ¢;(w) is non-singular at w = X}, we see that

QClt Y 2
) -%, T

+0(1) as w — Xy

Since X; = ¢y(Xy), we get a; = (¢,(X;))%. Expanding further in powers of w — X, the right hand side
of Equation (6.2) becomes

d 2 ! 1"
a o (X)) + W—iXt((bt(Xt) + (w — Xy) oy (Xt)) + O(w — Xy)
= %%(Xt) + ¢;(Xt)w _2Xt + 20/ (X)) + O(w — X3) as w — Xy,
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and the left hand side of Equation (6.2) becomes

2a4 26%

Bu(w) = 6i(X0) (0= X)a (%0 + T — Xopar(xy O TN
T w- ;&xxt) T+ (w— i@) o |+ Ow = Xi)
- (w)i% (1 (w—Xy) 2(;%(()2)) +O(w — X,)
- &%—2 tm-l-(’)(w—Xt)
P — NX) + Ow—X,)  asw— X,

('UJ — Xt) B
where we used the equality a; = (¢}(X;))? and the expansion of a geometric series. Combining, we find
d
a2t (Xe) = —3¢7 (X3).
Now, applying It6’s formula to the driving process X, = o (X4), we get
- K
AX; = d(@1(Xe)) = (dér) (X0) + ¢(X0)dX; + 56 (Xo)dt = ¢1(Xe)dX; + (f - 3) [ (Xt

Next we make a time change ¢ — s(t) as follows. Set Xs(t) = X, = ¢4(X;) and s(t fo ? du.
The, by general It6 theory, because X; = /kB;, the process Wy = W) = ffo ol (X qu is a
Brownian motion and we have

S.

dXS:\/EWer(E—?;

Pre Ke)
) e

2
¢t(s)(Xt(s)))

This time change is exactly what we need to parametrize the time by dt instead of a; dt = (¢}(X;))?dt
in Equation (6.1). We thus find that the function g« := g; satisfies the Loewner equation (5.1) with
the time parametrized by capacity:

d 2

—gs(w) = —————.

ds gs(w) — X
Therefore, the curves v and 4 are identically distributed if and only if the drift term in dX, is zero, that
is, when k = 6.

In fact, one can prove that
OXuw)  2

(¢;(S)(Xt(s)))2 X; — gi(2)

so defining Y, = Js(x) we can simplify the above SDEs to the form

AX, = VAW, + X“;qu, V.= 2 g

S S S XS

b

This kind of a pair of SDEs defines what is known as the SLE,(p) process, with p = k — 6 in this case.
This process feels an additional marked point (a force point) on the boundary, which evolves according
to the driving process Y. The effect of the force point is visible in the drift term of the driving process
X, of the SLE.(p) curve. We see that when xk = 6, the force point does not affect the SLE,(0) curve at
all — this is evidence of locality!

Similar calculations as above also give a more general locality property for the SLEg. This property can
be formulated as follows. Let A’ C A such that both A and A’ are simply connected and let a € OA
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be a point such that A’ is a neighborhood of a. Let also b € OA and b’ € IA’. Let v ~ P and
v~ P(A.a.¥) he two SLE, curves. Then, for any simply connected neighborhood N > a of the starting
point a of both curves in A’ such that the end points of the curves are away from N (that is, b,b' ¢ N),
the curves v and +’ stopped before either of them exits N have the same law if and only if x = 6.

6.2. Restriction property of SLEg,3. Let us then turn to the property known as conformal restriction.
In this case, we perturb the domain A and condition the curve to stay in the smaller domain A’ C A
(instead of stopping it) — this can be done for the SLE, when x < 4. The idea of invariance under
domain perturbation is more general: one can define so called restriction measures on conformally
invariant random hulls. It turns out that the only case when such a measure is supported on a simple
curve is the case of SLEg/3. Furthermore, there is a one-parameter family of restriction measures,
conventionally parametrized by «. These measures can be characterized in terms of the SLE, and
Brownian loops, as described briefly in Section 6.3 below.

Consider the SLE, curve « in (H,0,00). Let A C H be a hull. Suppose A is at some finite distance
from 0 and co. Let ¢p4: H\ A — H be a conformal map removing A, normalized by ¢4(0) = 0 and
¢a(00) = oco. Conditioning v not to hit A, we can consider the curve t — (¢4 o v)(t). The restriction
property states that, conditionally on the event {y N A = 0}, the curve ¢ 407 is distributed as the chordal
SLE, in H\ A from 0 to co (up to a time change).

One can prove that £ = 8/3 is the only value of s for which the restriction property holds for the
SLE,. The argument goes as follows. One first shows that the restriction property holds if and only if
(k < 4 and) the probability that v hits A is of the form

(6.3) Plyn A =0]=1[¢4(0)]"

for some « > 0, see e.g. [Law05, BN16]. Now, by the domain Markov property of the SLE,, (6.3) gives
naturally rise to a (local) martingale (similarly as in Section 5.8):

M(A)=P[vyNA=0|~[0,t]] =P[7Ng(A)=0] = |05, 4y (X,

where g; is the Loewner map of the SLE,; curve and ¥ is an SLE, in (H, X}, c0) independent of [0, ¢].
Calculating the stochastic differential of M;(A) one sees that the drift term vanishes if and only if
k=8/3 and a = 5/8. We refer e.g. to [BB06] for the calculation.

This kind of a restriction property should hold for the scaling limit of the self-avoiding random walk.
Namely, an ensemble of self-avoiding random walks is uniform, that is, every walk of the same length is
counted with the same weight. Restricting to walks which avoid a region A, the measure on the set of
walks should still be uniform, which is precisely the statement of the restriction property. This supports
the (still open) conjecture that the SLEg/3 is the scaling limit of self-avoiding random walks.

6.3. Brownian exterior perimeter. The Brownian excursion measure is a very important tool in the
construction of restriction measures with Brownian loops. The Brownian excursion measure itself is a
conformal restriction measure with exponent v = 1. In this section, we investigate why the restriction
property should hold and describe how to construct more general restriction measures.

The idea to define a two-dimensional Brownian excursion in H from 0 to z € R is to take a two-
dimensional Brownian motion started from zero and conditioned to remain in the upper half-plane H
until escaping at x. However, such an event has probability zero (just like for the SLE,; with x > 4), so
more care has to be taken'®. To avoid difficulties, we will consider a two-dimensional Brownian motion
started at ie for ¢ < 1 and conditioned to exit H through the horizontal line iR + R for R > 1. By
the Gambler’s ruin argument, such an event has probability €/R. Taking the limit ¢ — 0 and R — oo,
we get an excursion from 0 to oo (we have to look at events for which the conditioned probabilities are
finite in this limit).

18Instead, a two dimensional Brownian excursion in H is a process B: + iY:, where By is a standard one-dimensional
Brownian motion and Y; is a suitable Bessel process, see [LSW03, Law05].



35

Such a Brownian excursion, denoted by (7:)¢>0, has the restriction property. Let A C H be a hull and
consider the probability P[ n N A = ) | that the Brownian excursion 7 = 79« does not touch the
hull A. To evaluate this probability, let B; := (B}, B?) be a two-dimensional Brownian motion started
at By = ie. We should look at the probability that the process B; conditioned to exit H through the
horizontal line iR + R avoids the hull A. This probability is

P[ {B exits H through iR+ R} N{BNA=10}] P[{B exits H through iR+ R} N{BNA=0}]

P[ B exits H through iR + R | e/R

To calculate the numerator, we use conformal invariance!? of B. Let ¢4: H\ A — H be a conformal
map such that ¢4(0) =0, ¢p4(00) = 00, and ¢/, (c0) = 1. The image of the starting point By = ic under
this map is ¢4 (ic) ~ ie¢’4(0), and the horizontal line iR + R is mapped to almost a line slightly waving
around iR + R. Therefore, the numerator is

P[ {B exits H through iR+ R} N{BNA=0}]
~ P[ a two-dimensional Brownian motion started from ic¢’, (0) exits H through iR + R |

£¢/4(0)
T
We thus obtain

PlnnA=0]= = ¢/4(0).

P[ {B exits I through iR+ R} N{BNA=0}] e¢4(0) R
P[ B exits H through iR + R | TR ¢

This is the restriction property with the exponent o = 1.

So the measure on hulls obtained by filling the regions swallowed by Brownian excursions in H is a
restriction measure with exponent o« = 1. For a more rigorous treatment, we refer to [LSWO03, Vir03].

Brownian excursions give rise to restriction measures that are related to self avoiding walks and SLEg 3.
In fact, the hull generated by eight independent SLEg /3 curves and the hull generated by five independent
Brownian excursions have the same distribution. To see this, note that taking five independent Brownian
excursions and filling the holes, one gets a restriction measure with exponent a =14+1+14+14+1=5
(by independence), and similarly, eight independent SLEg,3 curves give rise to a restriction measure
with exponent « =5/8+5/8+5/8+5/8+5/8+5/8+5/8+4+5/8 =5. So we can write

5 x { Brownian excursion in H from 0 to oo} = 8 x SLEg/3.

Benoit Mandelbrot conjectured already in 1982 that the fractal dimension of the exterior perimeter
of the Brownian excursion equals 4/3. The identification of these two restriction measures supports
this conjecture: the fractal dimension of the SLEg/3 curve is 4/3. The mathematical proof of Mandel-
brot’s conjecture by Oded Schramm, Wendelin Werner, and Greg Lawler [LSW01la, LSW01lc, LSW02c,
LSW02a, Law02, LSWO03| has been one of the main achievements in the SLE theory.

One can use the Brownian excursion measure to construct more general restriction measures as well (in
fact, all of them). Indeed, for any exponent « > 5/8 (restriction measures do not exist for a < 5/8), the
conformal restriction measure with exponent o can be constructed by adding Brownian loops to a simple
SLE, curve in a Poissonian way (and filling the resulting holes). In this construction, x € (0,8/3) is
chosen according to (k) = %%, and the Poisson process of loops has intensity A(k) = 5= (6 — ) (8— 3k).
Note that the intensity exactly compensates the central charge of the corresponding CFT: A(k)+c(x) = 0.
We refer to the literature [Law02, LSW03, Wer03, LW04, Law05, Wer05, BB06, Wer08, Cam16] for more

details about loop soups and restriction measures.

19The two-dimensional Brownian motion is conformally invariant, see e.g. [Law05], but this is not true in higher
dimensions.
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